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Cette thése est dédiée a la description du comportement des fluides,
la définition d’un fluide étant prise dans un sens relativement général.

Je suis conscient que la plupart des résultats de telles études servent a la construction et
au fonctionnement de pesantes machines, aur usages plus ou moins excessifs.

Aussi, je vous invite avant de parcourir ces pages d prendre un instant
la mesure de la vie qui nous habite.

L’air qui gonfle nos poumons.

Le sang qui bat dans nos veines et abreuve nos membres,
la salive,

lurine,

la moelle,

les larmes.

Je me plais a croire que cette vie est belle, et qu’il est bon de la chérir
sous les formes variées qu’elle revét.

J’aimerais que cette thése soit aussi l'occasion de retrouver la conscience des fluides biologiques qui
rendent possible la vaste expérience de cette existence, pour nous personnes humaines, et pour la
foule d’étres qui partagent avec nous l’air, l'eau, et la vie.



Thése préparée au Département de mathématiques et applications de I'Ecole normale supérieure de
Paris, puis en partie au Département de mathématiques Guido Castelnuovo de I’Université de Rome
Sapienza, et & 'Institut de mathématiques de Jussieu — Paris Rive Gauche, de I’Université Paris Cité.

Sous la direction d’Isabelle Gallagher et Sergio Simonella.



Cette these débute avec un rapide résumé en francais et en anglais,
suivi d’'une double-page de remerciements.

La partie principale qui compose la these est rédigée en anglais et débute a la page 15,
par la table des matieres, suivie d’une introduction qui contextualise notre étude
et en détaille les enjeux principaux.

Pour le lectorat francophone, cette partie substancielle est précédée d’un résumé détaillé
de quelques pages en francais.



Résumé

Dans cette these, nous nous intéressons a préciser la limite cinétique du gaz de Rayleigh non-
idéal, qui consiste a observer 1’évolution d’une petite fraction de particules marquées dans un gaz a
I’équilibre. Plus précisément, dans la continuité des travaux mathématiques initiés par Oscar Lanford
en 1975, autour de la dérivation de I’équation de Boltzmann & partir des équations microscopiques des
gaz, nous cherchons a analyser le comportement limite d’une panoplie d’objets statistiques servant a
décrire le comportement moyen de leur dynamique.

Ce modele possede la spécificité de faire apparaitre dans sa limite des équations linéaires, pour
lesquelles 'analyse en temps long est drastiquement simplifiée par rapport au cas général, dans lequel
de nombreux résultats sont restreints & des temps trés courts. Gréce a la proximité du gaz a son
équilibre, de nouvelles méthodes de dérivation apparaissent, qui utilisent des bornes a priori sur les
marginales de la densité du gaz.

Afin de décrire statistiquement la dynamique des particules marquées, nous commengons par
généraliser le modeéle existant du gaz de Rayleigh a un nombre asymptotiquement infini de ces
particules, grace a un systeme de particules étiquetées. Pour ce modele, nous montrons sur des
temps longs la convergence des fonctions de corrélation vers des limites données par I’équation de
Rayleigh—Boltzmann linéaire. Nous généralisons ainsi les résultats pré-existants, en améliorant égale-
ment leurs taux de convergence quantitatifs grace a une nouvelle méthode de découpe temporelle
adaptative. Ces résultats fournissent un premier corollaire sur le comportement asymptotique de la
mesure empirique du gaz.

Pour affiner ce résultat, nous décrivons ensuite le comportement limite du champ de fluctuation
et des grandes déviations de cette mesure empirique. Cette étude s’appuie sur 'analyse des cumu-
lants de la dynamique, objets statistiques visant a décrire ses évenements rares. Nous étudions leur
généralisation a notre systéme, en montrant des estimées et des résultats de convergence vers des
équations de type Boltzmann linéaires, dont nous interrogeons finalement le cadre fonctionnel.

Grace a une étude géométrique approfondie des trajectoires de la dynamique des particules, et
a de nouvelles techniques de gestion de leurs singularités, nous améliorons par ailleurs le taux de
convergence des cumulants. Ces méthodes géométriques optimisées s’appliquent d’ailleurs également
dans le cadre général non-linéaire.

Gréace a cette étude, nous montrons la convergence des fluctuations vers un processus stochastique
trivial, en exhibant au passage I’absence de transition de phase de ce comportement dans la limite sur-
diluée. A DPordre suivant, nous décrivons en temps long le systéme de Boltzmann—Hamilton—Jacobi
linéaire qui gouvernent les grandes déviations de la mesure empirique, bien que de son coté le résultat
de grandes déviations que nous démontrons reste restreint a des temps courts.

En effet, la question de la dérivation en temps long de résultats décrivant la dynamique des
particules est centrale dans cette étude cinétique, et nous consacrons un chapitre a la présentation
des diverses difficultés qui y sont liées, ainsi que des possibles solutions qui apparaissent dans certains
cadres particuliers. Dans cette optique, nous présentons également une heuristique visant a déplacer
certaines de ces obstructions, de fagon a mieux en appréhender la nature. Cette étude se base sur un
argument de grandes déviations et nous amene jusqu’a montrer certains résultats préliminaires, qui
améliorent encore les estimées que ’on peut avoir sur les convergences en temps longs des fonctions
de corrélation.

Enfin, cette these se conclut sur des perspectives de poursuite de notre étude, notamment autour
de l'analyse des cumulants en temps long.



Abstract

In this thesis, we are interested in precising the kinetic limit of the nonideal Rayleigh gas, which
consists in observing the evolution of a small fraction of tagged particles in a gas at thermodynamic
equilibrium. More precisely, following the mathematical works initiated by Oscar Lanford in 1975,
around the derivation of the Boltzmann equation from the microscopic Newton equations for gases,
we try to analyse the limit behaviour of a panoply of statistical objects that describe the average
behaviour of their dynamics.

This model makes appear linear equations in its limit, for which the long time analysis is far
simpler than in the general case, for which numerous results are restricted to short times. Thanks to
the proximity to equilibrium, new methods appear, that rely on a priori bounds on the marginals of
the gas density.

So as to describe statistically the dynamics of tagged particles, we start by generalizing the
existing Rayleigh gas model to an asymptotically infinite number of those particles, using a labelled
mixture model. In this framework, we show the long time convergence of the correlation functions
to limits governed by the linear Rayleigh—-Boltzmann equation. We thus generalize the preexisting
results, also improving their quantitative convergence rates thanks to a new method of adaptive time
cutting. These results yield a first corollary on the asymptotic behaviour of the empirical measure
of the gas.

To refine this result, we then describe the limit behaviour of the fluctuation field and large
deviations of this empirical measure. This further study is based on the analysis of the dynamics’
cumulants, which are statistical objects describing its rare events. We study their generalization to
our system, showing estimates and convergence results to linear Boltzmann-like equations, of which
we eventually interrogate the functional framework.

Thanks to a deepened geometrical study of the trajectories involved in the particles’ dynamics,
and using new techniques to handle their singularities, we also improve the existing convergence rate
for the cumulants. These optimized geometrical methods also apply in the general nonlinear case.

With this analysis, we show the convergence of the fluctuations to a trivial stochastic process,
exhibiting on the way the absence of phase transition for this behaviour in the overdilute regime.
At the next order, we describe on large times the linear Boltzmann—-Hamilton—Jacobi system driving
the large deviations of the empirical measure, although this large deviation result is still shown only
for short times.

Actually, the question of the long-time derivation of results describing the particles’ dynamics is
foremost in our kinetic study, and we dedicate a chapter to the presentation of various associated
difficulties, along with possible solutions that emerge in some specific frameworks. In this idea, we
also expose a heuristics to displace some of these hindrances, so as to better understand them. This
study relies on a large deviation argument, and eventually leads us to prove preliminary results that
improve once again the estimates that we can obtain on the long-time convergence of the correlation
functions.

Eventually, this thesis ends with some perspectives on the continuation of our study, especially
around the long-time analysis of cumulants.
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Résumé détaillé en francais

Le corps principal de la présente these, rédigé en anglais, débute par une introduction his-
torique qui raconte I’émergence de la théorie atomique dans 'effervescence scientifique de I’Europe
du XVlIlIle siecle. John Dalton fut le premier a proposer un modele complet de la matiere comme
composée de particules élémentaires, classifiées en catégories de propriétés identiques, qui dans un
gaz évoluent librement dans le vide en interagissant les unes avec les autres. Cette description amena
de proche en proche Ludwig Boltzmann & proposer un modele statistique pour ces gaz, et a écrire
I’équation qui porte désormais son nom, afin de décrire leur évolution mésoscopique a partir des équa-
tions microscopiques des particules. Cette étude marqua le commencement de la théorie cinétique,
dont nous décrivons en partie ’avancée jusqu’a nos jours.

Cette introduction historique nous permet de contextualiser notre étude, en exposant les résultats
mathématiques existants, et ceux que 'on est encore en droit d’espérer, ainsi que la facon dont nos
problématiques s’y inseérent. Le reste de l'introduction propose un survol relativement détaillé des
techniques, écueils et solutions rencontrées et utilisées dans I’ensemble de la these.

Les détails techniques apparaissent dans le deuxiéme chapitre, destiné a présenter le modele
que nous utilisons, qui est un cas particulier de gaz de Rayleigh non-idéal. Ce modéle consiste en
I'observation de particules marquées dans un gaz globalement & 1’équilibre, dans une proportion
suffisamment faible pour que I’équation limite qui décrive leur évolution soit linéaire. Il s’agit en
l’occurence de 1’équation de Rayleigh—Boltzmann, que nous présentons rapidement dans ce méme
chapitre. Nous commencgons donc par une présentation générale du modele des spheres dures qui sert
de base a notre étude, puis par une exposition d’outils techniques permettant de paramétriser les
collisions entre les particules, en fonction des divers angles caractérisant la dispersion. Nous donnons
ensuite les détails de la représentation statistique que nous faisons du gaz : pour les besoins de notre
étude, nous élargissons ainsi le modele du gaz de Rayleigh a un modele de gaz mélangé, basé sur
des particules étiquetées. Cette représentation permet de symétriser notre systeme, et d’introduire
divers objets statistiques qui seront au coeur de notre analyse: la mesure empirique, son champ de
fluctuation, ainsi que les fonctions de corrélation et leurs cumulants.

Pour conclure ce chapitre, nous calculons en détails la hiérarchie BBGKY satisfaite par les fonc-
tions de corrélation de notre systeme, en écrivant ainsi certaines spécificités et détails techniques qui
sont généralement omis dans la littérature.

Le troisieme chapitre présente ensuite les équations de Boltzmann linéaires, et la fagcon dont
elles apparaissent & partir de ’équation de Boltzmann quadratique. Apreés une rapide description
des termes qui composent cette équation, nous pouvons alors détailler les raisons intuitives pour
lesquelles certains termes linéaires apparaissent, quand d’autres sont absents, lorsque ’on observe les
équations limites de divers systemes proches de 1’équilibre. On s’intéresse alors plus précisément au
caractere bien posé de ces équations, en particulier de celles qui vont émerger comme comportement
limite de notre gaz, a savoir I’équation de Rayleigh—Boltzmann linéaire, et un systeme linéaire de
Hamilton—Jacobi dont la structure est trés proche de celle de ’équation de Boltzmann. A partir d'une
étude détaillée des opérateurs de collision qui apparaissent dans ces équations, et a travers divers
changements d’inconnues, on se raméne a définir un cadre fonctionnel dans lequel nos équations
linéaires possedent des solutions uniques et globales.

Alors, le quatrieme chapitre montre la convergence en temps long des fonctions de corrélation vers
un équilibre perturbé par la solution de I’équation de Rayleigh—Boltzmann linéaire. Cette preuve est
une adaptation de la littérature existante a notre nouveau modele, et nous généralisons également
les bornes quantitatives précédentes a ’ensemble des fonctions de corrélation en temps long, quand
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elles avaient seules été montrées pour la premiere de ces fonctions. Nous exhibons au passage dans ce
cas de figure 'apparition de constantes pathologiques qui dégradent les estimées quantitatives pour
les hauts ordres de fonctions de corrélation, dues a la méthode standard que nous employons. Par
ailleurs, nous donnons comme corollaire de ce théoreme un résultat de convergence sur la mesure
empirique, de type Loi des grands nombres. Ce corollaire est une premiere description statistique du
comportement asymptotique de la dynamique.

La preuve du théoréme passe par la représentation des séries de Duhamel itérées comme des inté-
grales sur des pseudo-trajectoires. Nous définissons donc ces pseudo-trajectoires dans un formalisme
adapté a notre modele, avant de suivre la méthode de preuve classique a partir de cette représenta-
tion: grace a des estimées de continuité et a I’étude géométrique des trajectoires des particules, nous
ramenons la différence au temps ¢, entre la dynamique microscopique et la solution de I’équation
limite, a cette méme différence au temps initial, ou I'erreur est explicite compte tenu du choix des
données initiales. Afin de prolonger ce résultat a des temps longs, on utilise un procédé de découpage
de l'intervalle de temps en petits intervalles : on impose une condition sur le nombre de collisions
ayant lieu sur chacun de ces intervalles, de sorte qu’il nous faut ensuite justifier que cette approxi-
mation n’entraine pas une erreur trop importante qui empécherait de montrer la convergence. En
pratique, l'erreur due a cette approximation est ’ordre dominant dans les taux de convergence que
nous montrons.

Par rapport aux preuves existantes, les bornes a priori pour ce cadre de mélange grand-canonique
demandent un effort combinatoire supplémentaire, et une étude détaillée de la fonction de partition
de notre systeme. Ces résultats reposent sur une analyse fine des cumulants de I’exclusion, effectuée
dans le chapitre dédié¢ aux cumulants. Un autre point apparaissant spécifiquement dans le cadre de
notre étude est la justification du fait que les particules marquées interagissent suffisamment peu
entre elles pour qu’a la limite, les collisions entre elles n’aient aucune influence sur la dynamique.

De plus, nous améliorons grandement les résultats pré-existants, qui se basaient sur un découpage
temporelle uniforme, en adaptant la taille de chaque petit intervalle a la condition sur le nombre de
collisions qu’il doit contenir. De cette fagon, 'erreur est répartie de fagon réguliere sur chacun de ces
intervalles, qui sont similaires d’un point de vue de I’échelle physique : nous nous débarassons ainsi
de pres de deux logarithmes qui ralentissaient grandement les taux de convergence. La condition sur
les collisions étant exponentielle, ce découpage temporel adaptatif peut étre vu comme paramétrisé
par une échelle logarithmique en temps.

La suite de notre étude consiste en un raffinement du corollaire statistique de type Loi des grands
nombres montré dans le quatrieme chapitre, en décrivant les ordres supérieurs de cette convergence.
Cette analyse se base sur I’étude d’objets qui encodent les défauts de factorisation des fonctions de
corrélation : les cumulants. Notre cinquiéme chapitre est donc dédié a une étude générale de ces
objets et de leurs premieres propriétés. Apres les avoir définis a partir des fonctions de corrélation,
et commentés, nous détaillons les ressorts combinatoires qui permettent de prouver leur injectivité
grace a une formule d’inversion. Dans la littérature existante, l'identité au coeur de cette preuve
est usuellement prouvée grace a des séries de Taylor analytique ; nous en donnons ici une preuve
completement combinatoire, qui s’appuie sur la structure propre aux partitions qui définissent les
cumulants.

Dans un second temps, nous nous intéressons plus précisément aux cumulants de fonctions pos-
sédant la méme structure caractéristique que la condition d’exclusion des spheres dures. Pour ces
cumulants de I’exclusion, nous exhibons 'apparition d’une formule basée sur des graphes connexes
d’exclusion, qui nous permet de prouver une estimée puissante sur ces cumulants particuliers. Nous
détaillons le schéma de partition, di & Roger Penrose, qui permet de prouver cette estimée. Nous
utilisons ensuite ces résultats pour prouver les bornes sur la fonction de partition que nous avons
utilisées au chapitre précédent, encore une fois basées sur une étude combinatoire. Nous en profitons
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pour énoncer également des résulats sur les fonctions de partitions canoniques, qui précisent I’estimée
sur la proximité des données initiales a I’équilibre.

Notre sixieme chapitre est le plus conséquent, et le plus dense techniquement. Nous y étudions
précisément les cumulants du gaz de Rayleigh, de facon a obtenir sur ces objets des bornes et des
résultats de convergence. I1 débute avec 'introduction de la fonction génératrice de ces cumulants,
que 'on montre étre directement liée aux moments de la mesure empirique. Cette propriété justifie
I'utilisation de ces objets afin d’étudier les ordres fins de son comportement statistique asympto-
tique. Avant d’entrer directement dans notre étude de ces cumulants, nous commencons en décrivant
naivement les équations aux dérivées partielles satisfaites par ces objets, de fagon a montrer qu’elles
présentent une complexité autrement supérieure aux équations sur les fonctions de corrélation. Nous
en profitons pour présenter une facon de simplifier les cumulants qui est parfois utilisée dans la
littérature, en révélant toute la chaine simplificatrice qui y améne depuis les cumulants que nous
utilisons.

Alors, ces calculs justifient la nécessité d’observer une expansion des cumulants en fonction des
pseudo-trajectoires introduites précédemment, et plus précisément en fonction des événements rares
qui apparaissent dans ces trajectoires. En effet, on montre dans la suite que ces événements rares
décrivent précisément 1’évolution des cumulants, et méme qu’a la limite le n-eme cumulant est gou-
verné par les trajectoires présentant (n — 1) de ces événements rares, qui peuvent étre de deux sortes,
appelées recollision et superposition. Cette expansion fait apparaitre au temps initial des cumu-
lants plus grossiers, appelés cumulants initiaux en grappes, pour lesquels nous donnons une formule
explicite en fonction des cumulants de I’exclusion.

Pour faire apparaitre la dépendance de ces cumulants en les évenements rares évoqués plus haut,
et plus spécifiquement pour faire apparaitre la petite taille des cumulants due a la faible probabilité
d’apparition de trajectoires contenant des événements rares, nous reparamétrisons toutes les trajec-
toires a partir des conditions imposées par ces événements. Ces conditions sont alors enregistrées
dans un arbre de dynamique, qui permet de reconstruire la trajectoire a partir de cette nouvelle
paramétrisation. Nous obtenons finalement une formule pour les cumulants, en conditionnant sur
I’arbre de dynamique associé a chaque pseudo-trajectoire, qui met en évidence les recollisions et les
superpositions, avec leurs paramétrisations correspondantes, au méme niveau que les collisions déja
contenues dans les pseudo-trajectoires.

Alors, on peut démontrer des bornes sur les cumulants directement & partir de cette formule.
D’une part, on utilise les cumulants de I’exclusion pour dominer les cumulants initiaux en grappes,
en détaillant la combinatoire des arbres sous-jacents. D’autre part, on utilise I’argument de Cauchy—
Schwarz classique pour contrdler les sections efficaces associées aux collisions, recollisions et super-
positions. Enfin, on conclut en décomposant les partitions qui apparaissent dans la formule trouvée
plus haut. Ce travail est grandement simplifié par la nouvelle formule explicite en question dans
laquelle apparaissent clairement tous les éléments a controler.

Enfin, on peut donc s’intéresser a la limite des cumulants, en justifiant qu’ils convergent effec-
tivement vers la limite formelle de leur formule explicite, avec de bons taux de convergence. Pour
ce faire, on commence par contrdler la partie correspondant aux trajectoires dans lesquelles on ren-
contre fortuitement des particules marquées. Comme leur proportion dans le gaz tend vers 0, cette
partie des cumulants est négligeable a la limite. On justifie alors le fait que les trajectoires contenant
trop de rencontres rares, qui présentent donc des cycles, sont également négligeables a la limite. Les
arguments géométriques qui soutiennent ce résultat sont repoussés au chapitre 8. Grace a un travail
détaillé sur les arguments géométriques en question, on optimise le controle pré-existant dans la lit-
térature sur ces trajectoires contenant des cycles, de facon a améliorer les taux de convergence des
cumulants. Cette amélioration reste par ailleurs valide dans le cas général quadratique de I’équation
de Boltzmann.
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On parvient alors a montrer que les cumulants tendent effectivement vers leur limite formelle
dans la formule explicite exhibant les événements rares qui gouvernent leur évolution. On peut
alors s’intéresser a cette limite, dans laquelle I'utilisation de symétries propres a 1’état d’équilibre
initial permet de simplifier un nombre important de termes. On retrouve notamment 1’équation de
Rayleigh—Boltzmann linéaire pour le premier cumulant.

Grace a ces résultats, on prouve finalement que pour les particules marquées, la limite de la
fonction génératrice des cumulants dépend uniquement du premier cumulant, qui est aussi la premiere
fonction de corrélation. En effet, la taille des cumulants dépend de la probabilité des événements rares
dans les pseudo-trajectoires, qui dépend de la limite de Boltzmann—Grad pour le potentiel chimique p
de I'ensemble du gaz, tandis que pour obtenir les moments de la mesure empirique, ces cumulants
sont renormalisés selon le potentiel chimique A des particules marquées. Comme le rapport des deux
potentiels chimiques tend vers zéro a la limite, a partir du second cumulant, tous les ordres ont un
impact négligeable sur la fonction génératrice des cumulants.

Ainsi, I’équation hamiltonienne satisfaite par cette fonction génératrice limite se révele linéaire.
Nous montrons donc comment apparait cette équation puis, en définissant le cadre fonctionnel dans
lequel se place la fonction limite, nous I'identifions avec une solution issue de méthodes constructrices
a partir du systéme de Hamilton—Jacobi associé. C’est cette équation qui décrit le principe de grandes
déviations dont il est question dans la suite.

On entre alors dans le septieme chapitre, dans laquelle on peut finalement énoncer les résultats
de raffinement statistique de 1’étude de la mesure empirique : on y décrit le comportement limite
de ses fluctuations et de ses grandes déviations. Dans cette partie, on détaille surtout la preuve
de ces résultats dans un sens faible, qui repose essentiellement sur la convergence des cumulants
prouvée dans le chapitre précédent. On justifie alors que ce sens faible correspond effectivement aux
asymptotiques annoncées pour les fluctuations et grandes déviations, en invoquant 1’étude menée sur
ces résultats dans le cas général non-linéaire, et qui s’applique a l'identique a notre modele une fois
prouvés les résultats sur la fonction génératrice des cumulants. On donne simplement une preuve
sur l'espérance du nombre de particules qui n’était pas détaillée dans I’étude précédemment évoquée,
d’autant que cette preuve nécessite une légere adaptation par rapport au cas général a cause de la
structure du mélange gazeux que nous modélisons.

On montre alors que dans notre choix d’échelle de Rayleigh—Boltzmann, le champ de fluctua-
tions de la mesure empirique converge vers un processus stochastique trivial qui ne dépend que du
comportement limite du premier cumulant, contrairement au cas général dans lequel 'ordre 2 garde
asymptotiquement une influence déterminante sur les fluctuations. A 1a limite, il est donc impossible
de garder la trace, dans les fluctuations de la mesure empirique, de 'interaction entre paires de par-
ticules marquées. Ce résultat est d’autant plus intéressant qu’il est vrai quelque soit 1’échelle choisie
pour le potentiel chimique A\ des particules marquées, a partir du moment ot il reste en-dessous de
la limite diluée (qui est I’échelle de I’ensemble des particules). Ainsi, on peut observer I’absence de
transition de phase dans tout le régime sur-dilué ; aucun seuil n’apparait dans ’étude des corréla-
tions au deuxiéme ordre. La limite de Boltzmann—Grad, dans laquelle se manifeste I’équation de
Boltzmann, est donc exactement la bonne échelle pour commencer a voir apparaitre des interactions
non-triviales entre particules a 'ordre 2 ; et plus généralement a tous les ordres supérieurs, comme
le montre le résultat suivant.

En effet, de la méme fagon, le résultat de grandes déviations, lequel comprend 'information sur
tous les ordres de corrélation dans les cumulants sur lesquels il s’appuie, se comporte également sans
transition de phase dans la limite sur-diluée. Ces grandes déviations suivent un taux déterminé,
comme c’est généralement le cas, par la transformée de Legendre d’une certaine fonctionelle. Cette
fonctionelle de grandes déviations est donnée par la limite de la fonction génératrice des cumulants,
qui selon notre étude des cumulants dépend uniquement du comportement asymptotique du premier
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cumulant, assujeti a ’équation de Rayleigh—Boltzmann linéaire. On montre ainsi que cette fonc-
tionelle satisfait I’équation hamiltonienne discutée dans le sixieéme chapitre, et peut ainsi étre iden-
tifiée avec la solution constructive du systéeme de Hamilton—Jacobi associé, qui dans un changement
d’inconnues adapté présente une structure tres proche de celle de I’équation de Rayleigh—Boltzmann
linéaire.

Dans le huitiéme chapitre, on détaille les arguments géométriques qui justifient que les trajectoires
présentant des cycles (c’est-a-dire trop de rencontres rares) sont négligeables asymptotiquement.
C’est le résultat qui a été utilisé dans le chapitre 6 pour en déduire la limite des cumulants. Nous
adaptons les résultats existant a notre systeme, en utilisant fortement les estimées déja prouvées sur
les rencontres de particules dans les cumulants. De plus, nous en profitons pour préciser les arguments
se trouvant dans la littérature, de facon a en optimiser le résultat quantitatif, se débarassant d’un
logarithme pour parvenir enfin a la puissance compléte de € (le diameétre des sphéres dures) qu’il est
naturel d’attendre d’un tel résultat.

Pour cela, on modifie la disjonction de cas opérée dans la littérature pré-existante, qui repose
sur I'histoire passée, dans la pseudo-trajectoire, des particules impliquées dans un cycle. Selon si
I'une de ces particules a précédemment été déviée ou non, la paramétrisation du cycle selon les
conditions de collisions de la trajectoire varie. Notre nouvelle méthode permet une formule générale
de cette paramétrisation qui regroupe tous les cas dans lesquels une particule a subi une déflexion :
Iintégration sur les parameétres de la collision associée fait apparaitre un petit facteur qui rend
cette trajectoire négligeable. Grace a la généralisation de tous ces cas, le cas non-dévié ne contient
pas beaucoup de différentes situations possibles, et alors I'absence de déflexion dans ces dynamiques
permet un contréle bien plus simple des trajectoires correspondantes, et en particulier des singularités
qui apparaissent a cause des faibles vitesses relatives entre les collisions. Pour traiter ces singularités
analytiquement, nous utilisons des arguments simples et efficaces qui s’appuient sur un choix de
coordonnées hypersphériques.

L’avant-dernier chapitre est dédié a la question du temps long et interroge plus précisément les
méthodes que nous utilisons, en particulier dans les troisieme et quatrieme chapitres, dans 1’étude
des fonctions de corrélation, et qui ne s’appliquent pas directement dans 1’étude des cumulants. La
premiere partie de ce chapitre est une discussion sur le réle de la mémoire de I’histoire passée des
trajectoires dans ces méthodes, et sur la fagon dont cela se répercute sur la technique d’élagage des
dynamique que nous utilisons pour parvenir a des résultats en temps longs, ainsi que sur les bornes
a priori qu’elle nécessite.

La seconde partie de cet avant-dernier chapitre est la présentation d’une méthode heuristique
permettant de mieux appréhender les obstacles au temps long, en les déplacant d’une obstruction
sur le nombre excessif de collisions, & un blocage dii a la perte de contréle sur la température du
systéme. Cette heuristique fonctionne dans des espaces L', car elle repose sur des arguments de
grandes déviations. Au passage, elle permet également de montrer comment de tels résultats de
grandes déviations peuvent étre exploités, dans un cas largement plus simple que le résultat de
grandes déviations que nous montrons dans le septieme chapitre.

Au-dela de ces éléments heuristiques, la méthode exposée permet aussi de démontrer des résultats
préliminaires qui améliorent encore le taux de convergence des fonctions de corrélation dans un
contexte L', dans 'optique de se débarasser des constantes pathologiques qui apparaissent dans le
quatrieme chapitre a cause de la méthode de découpage temporel, pour les ordres élevés de fonctions
de corrélation.

Enfin, 'ultime chapitre de cette thése ouvre sur les perspectives de poursuite de cette étude, et
sur les méthodes envisageables pour généraliser certains des résultats qui y sont présentés.
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Chapter 1

Introduction

Figure 1.1: Isaac Newton, James Maxwell, Ludwig Boltzmann, Oscar Lanford

1.1 Historical and mathematical context

One can hardly find the origin of the first sparkle in a human eye, of the first glimpse of curiosity
leading in cascade to people getting interested in kinetic theory; so let us start arbitrarily our in-
troduction with the genesis of modern atomic theory. In the scientific effervescence of the European
18th century, the antique idea of Democritus that matter was microscopically composed of elemen-
tary particles eventually found a favourable echo. Stemming from the study of various gases, such as
nitric oxyde or dioxygen, which were already synthesized at the time, and comparing their pressure,
volume and temperature, chemists and physicists among which William Higgins, Louis Gay-Lussac
or Robert Boyle emphasized the fact that, when a composite gas is decomposed, its components keep
their mass systematically in fixed proportions of the original mixture mass. Based on these observa-
tions, John Dalton published in 1808 [22] the theory formalizing the modern molecular perspective,
representing gases as molecules composed of atoms, classified in categories of identical properties,
and restlessly moving in the void. He was then followed by Amedeo Avogadro, who let his name
to the famous constant, and Johann Josef Loschmidt, who paved the way to modern organic chem-
istry. The latter’s work greatly inspired our main character, Ludwig Eduard Boltzmann, who got
interested in using the classical equations of celestial movement, known from the 1687 works of Isaac
Newton, to describe the microscopic movement of these atoms. From another of his mentors, James
Clerk Maxwell, he took the idea of a statistical description of gases, to apprehend the behaviour of
an enormous amount of interacting bodies. Eventually, he published in 1872 the famous equation
that now bears his name [15], to describe the evolution of the density (in positions and velocities)

19
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of a general class of gases, based on the microscopic collisions of their particles. This work opened
the gates of kinetic theory, and to the uninterrupted adventure to which the present thesis humbly
belongs.

This Boltzmann equation (presented in (3.1)) is valid for dilute gases, in which the average
number of collisions per particle is finite, and in a specific scaling it can be seen as the description
of an intermediate mesoscopic step, between microscopic and macroscopic scales: it allowed indeed
Sydney Chapman and Thomas George Cowling [21], then Harold Grad [40], to formally derive the
equations of fluid mechanics from the classical Newton equations. This issue is part of the sixth
of the problems introduced by David Hilbert for the last century, and continues to fascinate the
scientific community. The full rigorous derivation, from microscopic particles to hydrodynamics, is
still incomplete at the time, yet in the 90s Claude Bardos, Frangois Golse, Dave Levermore and Laure
Saint-Raymond mathematically proved [6, 7] the part of the derivation going from the Boltzmann
equation to the Navier—Stokes [39] and Euler equations [56]. Because of the time scaling involved
in this limit, the full derivation lacks a long time derivation of the Boltzmann equation, despite the
recent breakthroughs on this subject. This model is nevertheless very used nowadays, whether in
quantitative hydrodynamic simulations [63, 36], in neutronics [62], or even (in a more general setting)
to model crowds [5, 43|, flocks [23] and opinions [16, 17].

Moreover, back in the 19th century, the Boltzmann equation yielded a deep qualitative under-
standing of the intrinsic statistical behaviour of fluid matter. Indeed, springing from his equation,
Boltzmann introduced the concept of statistical entropy as a Lyapunov functional of the particle
system, showing that the density of particles irreversibly converges towards an equilibrium on large
time scales. This equilibrium is now known as the Maxwellian state, and is very natural to consider:
the gas occupies uniformly the available space, and the velocities of the particles are distributed
according to the Maxwell Gaussian distribution (see (2.11)), which only depends on the tempera-
ture of the system. However, since the microscopic evolution of the gas, from which is derived the
Boltzmann equation, follows classical Newton equations in a completely time reversible way, most
of Boltzmann’s contemporaries got confused from this seeming paradox. In fact, this even appeared
as a counterargument to doubt the validity of the atomistic model. The key point to resolve this
paradox is to understand that the irreversible quantity encoded in the statistical density and in the
entropy, is a measure of our knowledge of the system, which is deeply partial and simply describes
the most likely evolution of the gas from a mesoscopic point of view. The understanding of statistics
and information theory has been profoundly fueled by Boltzmann’s work, and still owes him a lot.

From a mathematical point of view, the rigorous derivation of the Boltzmann equation from the
microscopic Newton equations has however waited until 1975 to be proved rigorously by Oscar Eras-
mus Lanford III [45, 46], in the case of hard sphere interactions, in parallel of the work of Seiji Ukai
on the Boltzmann equation [59]. The method that Lanford used is very rigid in the tracking of parti-
cles’ trajectories, hindering to prove his result for time scales larger than very small times, when only
about a fifth of particles have collided. The major obstruction to large time scales is the emergence
of correlations between colliding particles. Indeed, Boltzmann’s model relies on precollisional inde-
pendence between meeting particles, but with Lanford’s method, the quantitative estimates on the
system’s chaoticity deteriorate over time, making it impossible to deal with recollisions of particles.
Since this short time proof of the derivation, various mathematicians tried to resolve this limitation,
first in the 90s with Carlo Cercignani, Reinhard Illner and Mario Pulvirenti [19]. Then a few decades
later, in 2013, when Isabelle Gallagher, Laure Saint-Raymond and Benjamin Texier completed the
work of Lanford and his former student Francis Gordon King [44], generalizing their proof to the case
of compactly supported potentials, and providing in parallel precise quantitative estimates on the
convergence rate of the derivation, yet still on short times. And eventually, very recently, Yu Deng,
Zaher Hani and Xiao Ma [24] showed that assuming uniform bounds on the regular solutions to the
Boltzmann equation, the derivation is valid for long times. Their work relies on a very fine combi-
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natorial analysis of the dynamics’ geometry and interacting structure. This thesis does not harness
their latest methods—yet one could want to use them to extend some of the results presented here
to large times—but it exposes the major difficulties and obstructions that they had to overcome to
reach large time results.

Fortunately for future researchers, the sixth Hilbert problem still remains to achieve, since the
solutions to the Boltzmann equations are not yet understood enough to prove Deng, Hani and Ma’s
assumptions; and the generalization of this result to different potentials—such as the ones describing
the perfect gases—is still an open problem, along with the understanding of the generation of chaos
in such systems.

But as a matter of fact, when looking at the behaviour of the gases close to their thermodynamic
equilibrium (described by the Maxwellian state discussed above), the statistical stability of the dy-
namics guarantees a certain amount of chaos over large times, allowing a very strong control of the
correlations. In the Rayleigh gas framework, describing the behaviour of a small fraction of tagged
particles near equilibrium [57], a proof relying on the same ideas as Lanford’s yielded the derivation on
large time scales of a linear version of the Boltzmann equation, called the linear Rayleigh—Boltzmann
equation. This was the work of Henk van Beijeren, Lanford, Joel Louis Lebowitz and Herbert Spohn
in 1980 [60], later completed with applications to color-changing boundary conditions [47].

Eventually, these estimates led in 2016 to an article by Thierry Bodineau, Gallagher and Saint-
Raymond on the convergence rate in the linear case, and its dependence on the long time scaling,
so as to infer Brownian hydrodynamic limits [9]. We improved these quantitative estimates on the
convergence rates in 2024, introducing an adaptive time cutting [31], that we present with more
details in Section 4.6.

Stemming from their work [9], the authors, joined by Sergio Simonella, also studied the symmetric
linearization of the Boltzmann equation on long time scales [11, 13], using similar methods along with
a well-chosen time cutting, and even precising their study so as to capture rarer dynamics events
that are involved in fine correlations between particles. Eventually, they completed this analysis of
the fine scales of the dynamics in 2023, describing the finest correlations of the system through its
cumulants (defined in (5.1)), exhibiting the equations governing the fluctuations of the empirical
measure around its expected limit, along with its large deviations [12]. Indeed, they showed that the
fluctuation field of the dynamics is described at the limit by a stochastic differential equation, driven
on the one hand by a Gaussian process due to the correlations growing in the system, and on the other
hand by a linear part corresponding to a linearized Boltzmann equation. For the large deviations,
they identified a limit functional describing asymptotically the probability that the empirical measure
of the system diverges significantly from its expected limit. This functional is the Legendre transform
(as it is usual for large deviations) of the solution to a Hamilton—Jacobi system, where once again the
associated Hamiltonian has a Boltzmann-like collisional form. They showed this result for a certain
class of functions, which are solution to a certain biased Boltzmann equation, hence not completely
different from the Boltzmann solution expected as limit of the empirical measure.

In the present thesis, we perform such a study in the Rayleigh gas setting, where the expected
limit of the empirical measure is solution to the linear Rayleigh—Boltzmann equation. We thus refine
the first-order statistical limit of the nonideal Rayleigh gas, presented in [9, 31]. The pre-existing
model for the Rayleigh gas, containing a single tagged, perturbed particle, did not allow to consider
statistical quantities such as the empirical measure, or its fluctuation field, to describe the behaviour
of tagged particles. We thus had to introduce a relevant model for this purpose, in which the number
of tagged particles goes to infinity with the average number of particles, yet in a vanishing fraction.
Most of the particles are initially distributed according to the equilibrium state, and in the low-
density regime: for general initial data this scaling leads to the quadratic Boltzmann equation, but
perfect equilibrium initial data would make it trivial. Meanwhile, some other tagged particles are
initially perturbed from this equilibrium; they need to remain in a more dilute regime, so that their
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asymptotic behaviour remains described by the linear Rayleigh setting. The first part of this thesis
is dedicated to define this new model, and to describe its first-order statistical behaviour.

We then focus on the fluctuations and large deviations of this system. The corresponding study
is based on the analysis of the cumulants, which deeply relies on symmetries of the system, that are
guaranteed by the grand canonical ensemble, in which most of the correlations, that could appear
because of the number of particles being fixed, vanish. As this model allows to study the statistical
behaviour of the perturbed particles, it permits in particular to explore the phase transition around
the low-density scaling. Indeed, when looking at the fluctuations of the empirical measure of tagged
particles, we show that there is no threshold ahead of this scaling, which is thus the exact regime
to consider, to observe the appearance of correlations at the limit. This way, in the limit stochastic
differential equation describing the fluctuations of the Rayleigh gas, the only source term is a Gaussian
noise due to the correlations with particles at equilibrium, without retroaction of the fluctuation field
on itself. For the large deviation principle that we exhibit, the limit Hamilton—Jacobi system that
describes the large deviation functional is a linear version of the low-density quadratic case, whose
wellposedness can thus be proved in large times.

But, although in the first order study of the Rayleigh gas and of its empirical measure, one can
harness the structure of equilibrium to prove long time results, the evolution of cumulants behaves
very differently with respect to the proximity with equilibrium, so that the fluctuation and large
deviation results that we present in this thesis are still restricted to short times, despite the uniform
bounds that we prove on the limit Hamilton—-Jacobi system describing these limit cumulants.

Nevertheless, one could consider to apply Deng, Hani and Ma combinatorial method to the
statistical results presented in this thesis, to extend their time validity, especially since the hypothesis
they make in their method precisely require the uniform bounds of the limit equations, which are
satisfied thanks to the linear framework.

Some other contextual elements can be found in each particular section, so that we end here this
general introduction. In the following, we announce a detailed plan of this thesis, and also introduce
specifically some of its main topics.

1.2 Plan of the thesis

Let us present the different chapters that will henceforth structure this thesis. After the previous
historical contextualization, and the present section, our first introducing chapter will give an insight
on the linear Boltzmann equations, and on the Rayleigh gas model in which they appear, presenting
the novelties due to our mixture setting. The next topic discussed in this introduction will be
dedicated to the cumulants, which are complex objects, specifically useful to describe the small
statistical scales of our dynamics implied in fluctuations and large deviations. A small section will
then introduce the geometrical methods on which rely the whole kinetic derivation. And finally, we
will make introducing comments on the large time methods, which will be later completed by the
specific Chapter 9.

After this first introducing chapter, we enter the technical details in Chapter 2 and define our
new mixture model for the Rayleigh gas, well adapted for statistical descriptions, based on particle
tags and a mixture grand canonical description. We also detail the microscopic description of the
gas, and the statistical objects used to describe it mesoscopically. The last part of this chapter gives
the technical computations to recover the corresponding BBGKY hierarchy for this new model.

Once exposed the microscopic model, we focus in Chapter 3 on the equations describing its limit
behaviour. We give some insights on the way the linear Rayleigh-Boltzmann equation (and the
Hamilton—Jacobi system that stems from it) appear from the Boltzmann equations and its lineariza-
tions, up to the appropriate approximations and change of variable. A precise study of these linear
equations is then given, with the study of the collisional operators that drive them, and of their
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wellposedness in their specific functional settings.

Thanks to these preliminary results, the first main theorem of this thesis appears in Chapter 4,
dedicated to the long time convergence of the correlation functions of the mixture Rayleigh gas,
deriving the linear Rayleigh—Boltzmann equation. The proof of this theorem is based on the pseudo-
trajectory method due to Lanford, that we adapt to our formalism. Compared to the pre-existing
litterature, this new model makes appear new combinatorial difficulties, especially in the proofs of the
a priori bounds, essential for the long time derivation. Moreover, we choose to extend the existing
long time study to the convergence of all the correlation functions of the system, while only the
first one was proved in [9], hence adapting the existing methods to this new result, and to this new
model. Eventually, we present in the said chapter the adaptive tree pruning process that allowed us
to improve the convergence rates in [31], presenting in detail the method, and even improving the
time scaling of our previous paper.

Chapter 5 enters the statistical refinements, defining the cumulants and proving their general
basic properties. We introduce a new way of proving the inversion formula on which is based their
injectivity, harnessing the combinatorial structure of the decomposition in partitions that allows to
define them. We also focus on the general properties of a specific kind of cumulants, appearing in
our study as cumulants of the exclusion conditions that define the hard sphere potential. These
cumulants benefit from a decomposition in connected graphs, which yields a strong control on them
through the tree inequality, which we detail along with its proof and the Penrose partition scheme on
which it is based. Eventually, we exploit these results on the cumulants to refine our description of
the grand canonical quantities, through the analysis of its partition functions. This anaylsis provides
in particular a proof for the combinatorial results used in the previous chapter to compute the a
priori bounds on the correlation functions.

After this general presentation of the cumulants, the dynamical evolution of the cumulants of the
mixture Rayleigh gas is the subject of Chapter 6. This chapter is the most technical, and hence the
most detailed. We propose in it a new manner of formalizing the decomposition in dynamics trees of
these cumulants, as we adapt their study to the Rayleigh framework. Indeed, we provide an explicit
full decomposition which allows to better understand how each component of the pseudo-dynamics is
bounded when estimating the cumulants, and what becomes of the limit interactions between these
components. This explicit formula also simplifies the way we perform the geometrical control of the
dynamics’ cycles (see Section 1.5 and Chapter 8). It eventually allows us to compute the limit of the
cumulant generating function, which is precisely the functional tuning the large deviation principle
for the empirical measure. We show that the evolution of this functional follows a Hamilton—Jacobi
equation, which is a linear version of the low-density quadratic Hamilton—Jacobi equation studied
n [12]. Through the associated linear Boltzmann-Hamilton-Jacobi system studied in Chapter 3, we
prove the wellposedness of this equation, globally on large times. Nevertheless, we can only prove on
short times the fact that the cumulants of the Rayleigh gas are indeed asymptotically described by
this functional, thanks to which we prove the large deviation principle. As it will be detailed in the
following, we lack a priori bounds on the cumulants, since their evolution with respect to equilibrium
is very different from the evolution of the correlation functions.

In the end, the results from the previous chapter yield the two theorems refining the statistical
study of the Rayleigh gas, in Chapter 7: the description of the limit fluctuation field, and the large
deviation principle for the empirical measure of the tagged particles. For the proof of these theorems,
the intrinsic computations, linked to the dynamics of our mixture Rayleigh gas, are all encoded in the
cumulants, whose bounds and convergence are the subject of Chapter 6. Chapter 7 is thus essentially
an adaptation of the algebraic calculus presented in [12], to establish the probabilistic results from
the convergence of the cumulants. Harnessing the stronger decay of the cumulants of the Rayleigh gas
compared to the standard low density gas, we hence highlight the triviality of the limit fluctuation
field, on short times, for any regime of tagged particles more dilute than the Boltzmann—Grad scaling.
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This result brings out a answer to the foremost question of the intermediate regimes preceding the
low density limit, exhibiting the absence of phase transition as the mean free path scales above
the order O(1). The only relevant threshold for dilute gases is hence the Boltzmann—Grad scaling,
on any statistical scale. On the side of large deviations indeed, the decay of cumulants is such
that at the limit, the cumulant generating function only depends on the limit of the first cumulant,
which is exactly the limit of the first correlation function, satisfying the linear Rayleigh—Boltzmann
equation. The large deviation principle is then governed by a linear Boltzmann—-Hamilton—Jacobi
system, yielding a broader functional framework than in the quadratic case, and global results of
existence for the limit solution.

Chapter 8 is dedicated to the geometric control of the dynamics’ cycles. Indeed, the proof of the
convergence of the cumulants is based on the microscopic analysis of the billiards dynamics, through
the geometry of particles’ trajectories and collisions. The key point is to prove that the dynamics
can be well approximated by a dynamics without cycle. In fact, this approximating error is often
the biggest error, at least in short times, and is thus often the limiting one for the quantitative
bounds. We introduce here an optimized method, through a precise case disjunction and an optimal
control of the singularities, eventually reaching the full natural approximating error of size €. This
new analysis, which is a completed adaptation of the method from [11], is hence detailed in the said
chapter, supported by a few figures illustrating its geometric stakes.

Eventually, since the long time problem is a key question, both for conceptual reasons and for
the derivation of hydrodynamic limits, we discuss the various obstacles to the derivation on large
times, in Chapter 9. In a kind of meta-analysis of our methods, we start by discarding a wide class
of methods doomed to fail, before explaining how the tree pruning method works, from a conceptual
and technical point of view, to overcome this difficulty. We naturally then discuss the method used to
obtain a priori bounds on the correlation functions, as they are crucial for the tree pruning estimates,
and we interrogate the reasons why they do not apply to other objects such as the cumulants. The
last part of this epistemological chapter illustrates the techniques at stake in the long time derivation,
proposing a heuristic method based on a large deviation argument. More precisely, we present an
alternative way of controlling the collision operators, displacing the obstacles to large time derivations
from a control of collisions to a control of temperature, to better apprehend this technical difficulty.
Moreover, this heuristic method proposes a way to get rid of the big combinatorial factors that appear
in the convergence rates of high correlation functions, because we adapted the tree pruning methods
to all the correlation functions. For a closer introduction to this method, see Section 1.6.

To conclude this thesis, Chapter 10 opens on some perspectives to deepen the present study,
mostly on the long-time analysis of cumulants, proposing different methods to extend Theorems 2
and 3. Additionally, we evoke some further work to better describe the limit cumulant behaviour, or
possibly to study the evolution of the cumulants in neighbouring simpler models.

In the end, a notation index gathers the various choices of writings at page 155.

1.3 Linear framework for a Boltzmann collisional study

We introduce here the framework in which linear versions of the Boltzmann equation appear, first
presenting briefly the microscopic model, then describing the specificities of the said linear equations.

1.3.1 The Rayleigh gas

The basic microscopic model for gases consists, in the classical description, in a certain number of
particles evolving in a given domain, each one of them characterized by its position and its velocity
(quantum models also occupy an important part of kinetic theory, see for example [48]). These
particles might belong to different categories, among which they are assumed to be identical and
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indistinguishable. Their evolution, i.e. the evolution of their positions and velocities, are given by
the classical Newton laws, on the basis of a potential of interaction between them. Boltzmann’s
collisional model is based on localized interactions: localized in space, with a short range of the
potential, and thus localized in time, assuming that two particles get quickly away of their range of
interaction. These interactions are nonetheless very strong, and each encounter between two particles
changes completely their trajectories. This model is the exact opposite of the mean field model, in
which each particle interacts with all the others, yet very weakly.

The simplest, and most explicit, of collisional models consists in considering an infinite repulsion
of particles when they get closer than a certain distance € > 0, which thus corresponds to their
diameter. This way, when two particles meet, they collide instantaneously, like in an ideal billiards,
in any dimension greater than 2. This microscopic model for the particles’ interactions, pictured
in Figure 1.2, is called the hard sphere model. Our thesis only considers this hard-sphere model,

Figure 1.2: Billiards-like collisions of hard sphere particles (colored for clarity)

archetype of Boltzmann’s collisional model. Note that the paper by Gallagher, Saint-Raymond and
Texier also considers the case of short-range potentials, which does not change deeply the spirit of
the proofs, but adds a lot of technical difficulties. In any case, the collisions are always tuned by a
diameter parameter, whether the range of the short-range potential or the actual diameter of the hard
spheres. The emergence of the Boltzmann equation when the number of particles goes to infinity,
and their diameter to zero, depends directly on the scaling between these two quantities. As we
will detail in Section 2.3, the relevant parameter to obtain Boltzmann’s limit is the mean free path,
corresponding to the average distance gone through by a particle on a typical time interval. Should
the mean free path converge to zero, the particles would eventually get constantly in contact at the
limit, which corresponds to the hydrodynamic limit, leading to the equations of fluid mechanics.
Should this mean free path converge to infinity, the particles would eventually be so dilute that they
would not interact anymore at the limit.

Actually, this thesis can be seen partially as an exploration of this overdilute regime, showing
that at any statistical scale it is indeed trivial. The relevant scaling for the Boltzmann equation
is hence the one called low-density limit, or Boltzmann—Grad limit, in which the mean free path
remains of order O(1). Now, the Rayleigh gas historically consists in a gas at equilibrium, taken in
this low-density regime, in which a single tagged particle is perturbed away from equilibrium. There
is hence a symmetry defect in this model, one particle being considered distinguishable so as to track
its trajectory. Actually, this model corresponds deeply with the first modelization of a Brownian
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motion: historically, the biologist Robert Brown introduced this rough trajectory to describe the
movement of a pollen particle being collided by water molecules at equilibrium. And indeed, it was
shown by Bodineau, Gallagher and Saint-Raymond that in the hydrodynamic limit, the Rayleigh gas
leads to an actual stochastic Brownian motion for the tagged particle [9].

As we said in the introducing section, the Boltzmann equation takes place on an intermediate
mesoscopic scale between microscopic and macroscopic limits. In the case of the Rayleigh gas, in
between the tagged particle model and the Brownian motion (which corresponds from a PDE point
of view to the heat equation), there is the linear Rayleigh-Boltzmann equation (2.13), which is a
linear version of the Boltzmann equation. It is thanks to the structure of the equilibrium and to
the linearity of the limit that one was able to prove hydrodynamic limits for this system, since these
limits systematically imply a time rescaling that imposes to have long time results in the mesoscopic
scale.

In this thesis, we consider a nonideal Rayleigh gas, which merely means that all the particles
are interacting together, in the most microscopically relevant way. However, as most of the particles
are initially at equilibrium, it can be an interesting approximation to suppose that they do not
interact one with another; indeed, the reservoir of nontagged particles is such that morally they
should all remain at equilibrium, which is globally what happens when they do not interact one with
another [47]. This model of ideal Rayleigh gas allows to ignore the component of particles that are
perturbed in cascade by the tagged particle, component that grows exponentially fast, by assuming
that the global equilibrium regulates that perturbation. In this case, as the perturbation does not
propagate, the component of perturbed particles grows linearly, as some equilibrium particles meet
the tagged one. Thanks to this powerful approximation, Karsten Matthies and Theodora Syntaka
were able to get an excellent convergence rate to the solution of the linear Rayleigh—Boltzmann
equation, on a very long time scale, using semigroup methods on probability measures weighting the
collision trees [50]. Eventually, this model is to compare with the Lorentz gas, in which the particles
at equilibrium are completely frozen in a random Poisson distribution, defining a fixed background
in which the tagged particle evolves, eventually leading to a kinetic Lorentz equation [38].

Now, the particularity of our nonideal Rayleigh gas model is the fact that the species of tagged
particles is not restrained to a single individual. To get a statistical description of the tagged particle,
we need to consider a large number of them, so as to deal with their average behaviour and their
eventual correlations. This all boils down to consider a mixture gas, composed of two different
species, like the composite gases studied by the chemists of our historical introduction. This model
has already been studied in short times in the Lanford framework [3], with a canonical description:
for each fixed value of diameter €, the number of particles of each kind is fixed, and both species are
scaled in the low-density regime, eventually deriving a mixed Boltzmann equation depending on the
ratio between both species. In our case, the tagged particles necessarily have to remain in a subdense
regime, if we want to keep a hope of reaching a linear Rayleigh—Boltzmann equation. The fraction
of initially perturbed particles, among the ones initially distributed according to equilibrium, hence
converges to zero, yet the number of tagged particles still goes to infinity. Moreover, our statistical
description, based on the cumulants of the dynamics, is made way more natural in a grand canonical
setting: the number of particles of each species follows a Poisson-like law, tuned by two different
chemical potentials. This eliminates the correlations appearing between marginals of different orders
in the canonical framework, due to the fact that the number of particles is fixed, and that the high
marginals thus lose degrees of freedom.

It is thanks to this representation, that we are able to explore the overdilute regime, tuning the
chemical potential of the tagged particles close to the low density regime, describing the fine statistical
scales of the dynamics, and looking for a possible phase transition. We show on short times that
there is no other relevant threshold than the Boltzmann—Grad one (Chapter 7). Nevertheless, in our
long time results (in Chapter 4), the non-optimality of the tree pruning method, and of our a priori
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bounds, leads to a technical threshold on this chemical potential, which is not to be thought of as
physically pertinent.

Eventually, we partially validate the hypothesis made in the study on the ideal Rayleigh gas,
showing that at least at the limit, the correlations between particles at equilibrium do not depend
on the perturbation. Yet the a priori sub-optimality of our quantitative bounds does not yet allow
to quantify precisely the approximation error that is made, due to this simplification.

1.3.2 Studying linear versions of the Boltzmann equation

The general version of the Boltzmann equation (3.1) is composed of a free transport part, and
of a source term corresponding to the collisions between the particles. The density of the gas is
impacted by the collisions between pairs of particles, each particle being distributed according to
the said density, whence the quadratic structure of the collision kernel of this equation. This kernel
is usually written in a symmetric form, since both particles are distributed according to the same
distribution, but when looking at the linearizations of this equation, it is useful to decompose it into
two asymmetric kernels.

More precisely, linearizing this equation consists in writing the equation satisfied by a small
perturbation of a reference solution, hence written as a sum, making appear two cross products
and a small quadratic remainder (see Section 3.2 for technical details). The two cross products
correspond respectively to the collisional influence of the perturbation on the reference solution, and
symmetrically to the impact of the reference solution on the perturbation. The quadratic remainder
corresponds to the action of the perturbation on itself, but is of a lower order.

This understanding of the linearized operators justifies the fact that the linear Rayleigh—Boltzmann
equation (2.13) is only composed of one of these two cross products: indeed, since the fraction of
tagged particles is asymptotically negligible compared to the particles at equilibrium, at the limit they
have no influence on the particles at equilibrium; the only remaining term is the one corresponding to
the impact, on the density of tagged particles, from a collision with a particle distributed according
to equilibrium.

Whereas the general functional setting chosen to study the linearized Boltzmann equation is
often a weighted L2-space to harness its symmetry and the self-adjointness of the linearized collision
operator (see [19, 11]), in the Rayleigh case this symmetry is broken and we prefer to exploit the
a priori bounds yielded in L.°°. The structure of the initial data, explicitly very close to equilibrium,
allows to easily transport over time a domination by this stationary solution (see Section 4.4). This
functional setting is similar to the one used for general initial data in the low density regime, leading
to the quadratic Boltzmann equation in short times. The mere fact of having a priori bounds allows
to obtain long time results through the tree pruning method detailed later.

These considerations concern the derivation from the microscopic dynamics. On the other hand,
when studying only the limit equations, having a linear structure also helps obtaining stronger results.
Chapter 3 is dedicated to the functional study of the solutions to these linear equations, looking at
their wellposedness and bounds. We hence prove that there exists a unique global solution, on large
time intervals, to the linear Rayleigh—Boltzmann equation, and to the linear Boltzmann—Hamilton—
Jacobi system that appears to describe the large deviations of the empirical measure, both of them
sharing a lot of similarities.

Using classical results of kinetic theory, the study of these equations is brought back to the
analysis of the linear collision operators that appear in them. These operators can be decomposed
into two signed terms, one participating in making the solution grow, and the other helping to make
it shrink. The wellposedness of the equation depends on the fact that the first one is controlled
enough, and the bounds on the solution (exponential growth or decay) depend on the comparison
between both gain and loss terms.
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Actually, in our specific case, the bounds on the gain collision operator are highly dependent on
the way how the Gaussian Maxwellian weight is distributed, which can be changed by performing a
change of unknown in the linear equation. Multiplying the solution by a power of the Maxwellian
state lets all the equation invariant, except for the collision operator in which the decay according to
the kinetic energy is displaced. Taking directly the operator appearing in the Rayleigh—Boltzmann
equation, we show using a quick argument in hyperspherical coordinates that it is not bounded,
impeding the usual method to apply. We then secondly remedy to this obstruction through the
adequate change of variable that makes appear a collision operator closer to Boltzmann’s, for which
we succeed to prove a satisfying bound, eventually shifting the functional framework. Figure 1.3
illustrates this shift of the exponential weight in the radial coordinate: the initial integral kernel is
concentrated around the velocity norm |v|, but multiplying the unknown by the root of a Maxwellian,
the kernel is split into the product of two integral kernels, one concentrated around 0 and the other
around 2|v|, so that its integral is eventually bounded as |v| gets large.
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Figure 1.3: Displacing the exponential weights in the collision integral kernel

Note that the main new result that we present is the wellposedness of the linear Boltzmann—
Hamilton—Jacobi system (6.38). The solutions to this system do not decay exponentially, because of
the observable 0 appearing as a gain term. Hence, one can only guarantee a controlled exponential
growth on them (unless we assume artificial conditions of smallness on the observable ). In the
precise case where this observable 6 is equal to 0, we retrieve the Rayleigh—Boltzmann equation, for
which one can harness some elaborate bootstrap method, that we do not detail here, to prove the
exponential decay of the solution (see [35, 55]).

Finally, since these global bounds are precisely the hypothesis made by Deng, Hani and Ma for
their long time derivation of the Boltzmann equation, one could consider to use their method in the
linear case, adapting it to achieve a long time study of the cumulants and eventually proving on large
time scales the fluctuation and large deviation results presented in this thesis.

1.4 Statistical study of the empirical measure and cumulants

Let us now introduce the statistical description of gases that we perform, mainly in Chapters 4, 6
and 7. Defining, in Chapter 2, random variables that model the number, tags, positions, and velocities
of the particles that compose the gas, we follow the usual probabilistic idea to use observables to
characterize their law. Given such an observable, that depends for any particle on its tag, position
and velocity, we consider the empirical measure of this observable: this is a random variable that
corresponds to the average value of this observed quantity on the whole set of particles.

The first statistical result that we perform is the convergence of this empirical measure, in the
sense of square integrable random variables, to a deterministic quantity depending on the chosen
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observable and on the solution to the Rayleigh-Boltzmann equation (Corollary 4.1.1). This result,
which can be seen as a law of large numbers for the Rayleigh dynamics, is a direct consequence
of the convergence of the two first correlation functions. The latter objects are the counterparts
of the marginals in the grand canonical ensemble: they project the density of the dynamics on the
average behaviour of a certain number of considered particles. There exists an explicit relation (2.19)
between these correlation functions and the moments of the empirical measure: the first correlation
function describes its expectancy, so that its limit allows to characterize the limit expected value
of the empirical measure. To achieve this law of large numbers, it remains to control the limit
second correlation function, which describes the asymptotic behaviour of its variance. The long time
derivation of the correlation functions is the point of Theorem 1.

To go further than this first statistical result, we naturally want to observe the small fluctuations
of the empirical measure around its expected value, in the low density limit. The relevant scaling to
observe these fluctuations is the same as for the usual central limit theorem, and we get indeed the
convergence in law of this random process to a limit stochastic process in Theorem 2. The foremost
observation is the fact that contrary to the usual low density case, this limit process is a trivial
Gaussian process that does not depend on any higher scale than the first order Rayleigh—Boltzmann
equation, regardless of the subdense regime chosen for the tagged particles. Under the mere condition
that it is negligible in front of the total number of particles, the correlations between pairs of tagged
particles do not influence at all the limit fluctuations.

Finally, to try to capture the finest statistical scales of the dynamics, we get interested in the
large deviations of the dynamics, i.e. in the asymptotic decay of the probability for the empirical
measure to be far from its expected value. The distance that we choose to formalize this closeness
between random processes is the Skorokhod distance, for a specific class of observables that filters the
transport part of the dynamics. Indeed, in Theorem 3 we characterize the asymptotic large deviation
rate, which corresponds to the rate of the exponential decay of the probability evoked above, thanks
to a functional that is identified using Boltzmann-like PDEs. Considering the way we study this large
deviation principle, the structure of the associated equation imposes the structure condition chosen
for the observable. Like in [12], we show the upper bound for general deviations, which is the most
relevant part for applications, but we only show its optimality (proving a lower bound) for a restricted
class of deviations, that keep a collisional structure, being solutions to a biased linear Boltzmann
equation. The large deviation functional, solution to a linear transport Hamilton—Jacobi equation,
is shown to be globally well-posed, contrary to the low density case, where the non-linearity of this
equation led to short time results for its wellposedness. However, we only show the large deviation
principle on short time, despite the bound on the limit, because of the technical difficulty to control
on large times the statistical objects that we harness to describe the fine scales of the dynamics’
statistics.

These objects are the cumulants of the dynamics. These, like the correlation functions through
the moments of the empirical measure, also contain all the statistical information of the system, yet
in an alternative way. In fact, what changes is the way the moments are combinatorially adjusted, to
encode the fine statistical scales of a nearly independent system. For example, the second cumulant
is the difference between the second correlation function and the tensor square of the first correlation
function. For independent particles, this quantity would vanish, which is asymptotically the case in
our system.

Indeed, a crucial part of Boltzmann’s collisional study is the chaoticity of the system, assuming
that at the moment when two particles collide, they are independent. This property is taken as initial
assumption, and the heart of the proof of the derivation is to propagate this initial chaos estimate.
Eventually, the correlation functions evoked above are all shown in Theorem 1 to converge towards
tensor products, which correspond to independent random variables.

The cumulants hence allow to identify the defects in the chaoticity of the system, and in the end
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to rescale this vanishing defect to characterize its behaviour in a finer way. All of the cumulants are
constructed with this idea, the n-th cumulant capturing exactly the defects of independence specific
to the n-th and lower correlation functions. And all of the cumulants vanish in a completely chaotic
system, apart from the first one that simply is the first correlation function. These objects are hence
deeply connected to the measure of correlations in the system.

The beautiful thing when studying the cumulants, and their evolution, is that one can explicitly
identify the rare events happening in the dynamics, that contribute to the correlations between parti-
cles. In this thesis, it appears through the crucial pseudo-trajectory representation. This formula, on
which are based all the derivations of Chapters 4 and 6, allows to express the evolution of correlation
functions, and a fortiori of cumulants, according to weighted imaginary trajectories of the particles
(see Section 4.2). Summing over all the possible fictional histories that could have led to a given
state of the system, one can retrieve the density of the system at any time. Note that it is precisely
this summing process that only works on short times.

Let us see now, for instance, how the rare correlations happen in the second cumulant. We look
at the state of pairs of particles: the second cumulant is the difference between the sum over pseudo-
trajectories, stemming from these two particles and defining the second correlation function, and
the ones defining two independent copies of the first correlation function. In the end, most pseudo-
trajectories cancel in both sums, and the only remaining ones are those where the trajectories of both
particles are connected by a common collision in their history (stemming from the first sum, with
a ‘+’ sign), and the ones in which the independent trajectories overlap one another (stemming from
the second sum, with a ‘-’ sign). In practice, this decomposition is not exact until the limit, but one
can identify the error terms and bound them to show that they vanish asymptotically. Eventually, we
show that the n-th limit cumulant is carried by exactly (n— 1) of these rare events, called recollisions
and overlaps, as pictured in Figure 1.4 for the third cumulant; in this figure, we follow backwards
the imaginary history of three given particles, which collide with new ones (numbered 4 and 5). The
trajectories on which the third cumulant is supported are the ones implying two of the rare events
introduced above (here, a recollision between particles 3 and 5, and an overlap between particles 2
and 3).

Recollision

X Overlap

Figure 1.4: Typical pseudo-trajectory supporting the 3rd cumulant

This study is performed through dynamics trees, which record all the interactions between par-
ticles, and in particular the rare events participating to correlations (see Section 6.4). Decomposing
the pseudo-trajectory representation by partitioning according to the associated dynamics tree pro-
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vides both a way to bound the cumulants so as to quantify their smallness, based on the rarity of
recollisions and overlaps, and a way to characterize their limit. Apart from this construction and
the bounds that we prove on this formula, the main difficulty is to eliminate the dynamics graphs
containing too many of these rare events: they necessarily contain cycles in their pseudo-trajectories,
and cannot be minimally connected as the one in Figure 1.4 is. The elimination of these cycling
trajectories is made through geometric methods discussed in the next Section 1.5.

Finally, let us just remark that the two first cumulants are precisely the ones describing the fluc-
tuations of the empirical measure, which hence arise from the correlations between pairs of particles.
In our subdense regime, the second cumulant vanishes in the associated scaling, and no 2nd order
correlation impacts the fluctuation field. On the other hand, the functional that rates the large
deviations is precisely the Legendre transform of the limit cumulant generating function, supported
on the rare events that can make deviate the empirical measure from its expected value. As for the
fluctuations, only the first cumulant remains at the limit in the case of the Rayleigh gas, yielding a
linear equation to characterize the large deviation functional.

1.5 Geometrical methods

The hard sphere model implies dynamics that rely on billiards theory. Even in the case of compactly
supported potentials [34], an important part of the computation is based on approximating the
dynamics by a collision-like one. This localized model of collisions (instantaneous and local in space)
is very rigid and chaotic: shifting a particle’s position by a small distance € can easily avoid a collision,
leading to completely different trajectories for the implied particles. Basically, this model is at the
opposite of the mean-field methods, in which the interactions are weak and numerous [20].

Nevertheless, one can harness this rigidity through exact geometrical computations close to bil-
liards theory. On the one hand, the exact formula for the collisional cross section (see Section 2.2) can
be seen very geometrically: in this thesis, we compute lots of estimates, whose proofs are sometimes
difficult to find completely written in the litterature, using hyperspherical coordinates. Introduced in
Section 2.2, those coordinates are perfectly adapted to the changes of parametrization of the collisions,
through very geometric arguments, and to the calculus of the associated Jacobian (Lemma 2.2.1).
They also reveal themselves very useful to find bounds on the linear collision operators appearing
in the various versions of the Rayleigh—Boltzmann equation, when studying their integral kernels.
Eventually, in Chapter 8, which is the most geometrical part of this thesis, they provide elegant
arguments to control the singularities that happen in the analysis of dynamics’s cycles, about which
we are going to talk right now.

Indeed, as we just wrote, the dynamics is very rigid, and so is Lanford’s method to derive the
Boltzmann equation: it relies on a very tight control of trajectories of particles (or more precisely
pseudo-trajectories, see Section 4.2), and in particular on the fact that these pseudo-trajectories,
which contain prescribed collisions, avoid any other collision. These unwanted collisions, which
would appear between particles having already collided before, are called recollisions, and are directly
associated to cycles in the trajectory. When we study the cumulants of the dynamics in Chapters 5
and 6, this notion of recollision is generalized to different kinds of dynamics cycles that we will try
to avoid in the pseudo-trajectories we consider (see the discussion on recollisions and overlaps in the
previous Section 1.4). To understand this idea of cycle, one can have a look at Figure 1.5, which
pictures the most trivial case of recollision: in the dynamics, two particles collide, and one of them
is brought back to the other one by a collision with a third particle. This way, two particles, that
were already connected through encounters in the dynamics, meet again and thus create a cycle in
the dynamics’ encounters.

In the rigid method of Lanford, each prescribed collision is parametrized by assigned time and
angle of collision. The essential idea in the derivation is to show that the collision parameters leading
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Figure 1.5: A cycle happening in the dynamics

to cycles asymptotically have a negligible impact on the statistics of the dynamics. In fact, through
a geometrical study, one can express the algebraic conditions that these parameters should satisfy to
generate such a pathological situation, and deduce strong geometrical constraints that will provide
smallness on some measure of the set in which they must belong, eventually showing that it vanishes
in the limit.

The first full quantitative method to state such a result must be the method used in [34], which
is similar in [9]. We use it in Chapter 4, since in the said chapter we adapt the general method of
the papers evoked above. The result is stated in Lemma 4.8.3, and can thus be compared to the
alternative method that we will discuss below. This method relies first on a bound on the total
kinetic energy (allowed by the sub-Gaussian velocity distribution hypothesis), which ensures that
the velocities are bounded: this is indispensable to control the particles’ dynamics. The second tool
is the elimination of the collisions that happen too close in time one from another: indeed, should
such a configuration occur, the cone, in which the outgoing velocity must belong to recollide with
the particle it just met, would be very wide because of the proximity of the particles. This wideness
goes in the opposite direction from the smallness that we want to prove. Eventually, for the same
reasons, a lower bound is computed on the velocities so that particles could go sufficiently apart one
from another after a collision, for the latter cone to be narrow enough. All of this leads to three
approximating parameters (V,d,7), which have to be tuned in the conclusion of the derivation. The
lack of flexibility of this method provides quantitative estimates which are small powers of €, when
we have the right to expect a convergence in a full power of €.

Actually, a more subtle method has been introduced in [11], in which the authors made two
main observations, to relax the approximating parameters: first of all, should the time between
collisions be small, it imposes a strong condition on the encounter times, that provides smallness.
This was already the idea used before to justify the fact that the approximation was asymptotically
good, yet here they decided to relax these collision times and to integrate over them along with the
rest of the parameters: this flexibility optimizes the quantitative result. On the other hand, they
observed that the singularities due to small velocities could be resolved by integration over other
collision parameters in the dynamics. Indeed, these situations are rare when looking globally at the
weighted trajectories. In short, they freed the approximating parameters (d,7) of time separation
and minimum velocity, to integrate over them along with the rest of the computation, eventually
leading to a quantitative bound in ¢|log |, very close to the optimal one.

In the first part of this thesis, we use the first non-optimal method to avoid unnecessary technicity,
considering moreover that the associated quantitative bound is still smaller than the bigger error due
to the tree pruning (despite its adaptive optimization presented in [31] and Section 4.6).

Nevertheless, when studying cumulants in short times (in Chapter 6), we adapt the second better
method, improving it to finally reach the optimal bound in a full power of €. This computation
relies on a precise geometrical analysis and is presented separately in Chapter 8. Our optimized
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computation is based on a finer disjunction of the possible cases that can possibly lead to a cycle in
the dynamics. This disjunction is not easy to establish, especially since we need to choose which cases
to treat together, adapting the geometric methods to each situation, and obviously considering that
we need to treat them exhaustively. The said disjunction is pictured in Figure 8.1 in the corresponding
chapter, and allows to generalize as much as possible the arising cases, also to synthesize the proof.

The main idea of the case disjunction is to know over which collision parameters we should
integrate to gain smallness. Essentially, if one of the particles involved in the cycle has been deflected
sooner in the dynamics, playing with the parameters of this deflection, we reveal a strong retroactive
control on these parameters using the cycle condition. Of course, the way how the cycle condition
retroactively impacts the integrated parameters depends on the previous history of the dynamics,
leading to another case disjunction, yet this latter can be expressed in a quite elegant generalized
way, which leads to a common computation. The strength of this first argument is that otherwise,
none of the particles has ever been deflected; in this second case, one can directly harness the initial
density to describe the velocities!

This simplifies greatly the study of the singularities evoked above, due to small velocities, espe-
cially the one implying a sinus, since this one only occurs in the non-deflected case. Nevertheless, we
also control the singularities in the deflection case, once again harnessing the hyperspherical coordi-
nates to gain clarity in the arguments, and to utilize as much as possible the geometric structure of
the trajectories.

Note eventually that compared to [11], we also free the approximating parameter V bounding
the total kinetic energy, including it in the global integration process, hence finalizing the method
that they started to impulse.

1.6 Long time derivations

The question of the long time derivation of the Boltzmann equation has been partially resolved quite
recently by Deng, Hani and Ma [24]. Their method combines the usual geometric study of the billiards
dynamics with combinatorial results such as the Burago lemma [18], yielding quantitative estimates
on the large clusters of recollisions. Then they compute in a very subtle way a combinatorial algorithm
of integration on the variables driving the dynamics, to discard the pathological trajectories that
imply correlations between several time layers. That eventually allows them to compare the solution
of the Boltzmann equation with a well-chosen ansatz close to the original dynamics, propagating good
estimates on the defects of independence. For an overview of their computation, see for example the
presentation of their paper by Bodineau, Gallagher, Saint-Raymond and Simonella [14].

Before this result, the Lanford theorem for the derivation of the Boltzmann equation was restricted
to small times. In some linearized frameworks presented in Chapter 3, the proximity to equilibrium
allowed to preserve enough structure and bounds to perform a derivation in large times, as it is the
case in our Rayleigh setting. Our study did not need to use their industrious computations, thanks
to the a priori bounds discussed in Section 9.3, yet it gets confronted to the same obstacles they had
to overcome.

The first one is the necessity of devising a method that takes into consideration the history on the
whole considered time interval, when one could want to simply try to restart the Lanford method on
independent time layers, provided good enough bounds. Nevertheless, we show by a small argument
based on the irreversibility of the limit solution, that such a method is doomed to fail (see Section 9.1).

The other big difficulty is then to guarantee enough chaoticity in our system. In our situation,
this is explicitly the question of proximity to the chaotic equilibrium that is at stake, in the form
of the a priori bounds. Indeed, these bounds are precisely obtained using the fact that the general
dynamics preserves the structure of the closeness to equilibrium that we chose, which is simply a
multiplication by a small perturbation. This way, one can assert that at any time, the correlation
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functions are dominated by a good stationary state, with explicit bounds. Now, the reason why this
reasoning works is precisely why we cannot obtain such bounds on the cumulants. Uniform a priori
bounds on the cumulants would mean a very strong control on the chaoticity of the system over time,
yet the sense in which we choose to be close to equilibrium, which eventually leads to the Rayleigh-
Boltzmann equation, does not behave as well with the equations governing the cumulants. Indeed,
the hierarchy on the cumulants (6.5), in addition to being non-linear, rely on fine cancellations that
are completely lost when bounding crudely using the triangle inequality (see Section 9.3). In the case
of specific cumulants, such as the cumulants of the exclusion (see Section 5.3), using the structure of
the connected graphs that support them provides strong bounds without losing too much from the
absolute values, but the general cumulants of the Rayleigh dynamics do not have such a structure.
This is the reason why the first part of this thesis on the convergence of the correlation functions,
is performed for long times, and not the second part on the convergence of the cumulants, which
remains restricted to short times.

Let us now have a word about the pruning method, presented in Section 4.6 and further discussed
in Section 9.2, which is precisely the method allowing to reach large time results from a priori bounds.
The central idea is to control the number of collisions on each small time interval, so as to keep long
lasting bounds on the pseudo-trajectory expansion of the correlation functions, on which is based the
derivation. It relies on the argument that the probability of having a lot of collisions on a small time
interval is small, so that we want at once to compute this method with short intervals; but not too
short, so as to cover long times.

Technically, this probability appears through the weights associated to each pseudo-trajectory.
When one computes an iterated Dyson expansion, the bounds on the implied operators depend on
the number of collisions that are present in their associated trajectory’s history. These bounds are
downgraded as time goes, since the number of collisions grows. A naive solution would be to reduce
the size of the time intervals accordingly, but this would force their series to converge very quickly,
when we want it to diverge so as to cover large times. In the calculations, the tree pruning consists
in putting aside of the expansion the bad factors depending on the number of collisions, to keep the
time interval lengths independent from them. Doing so, one needs to keep this big factor controlled,
hoping to compensate it with a source of smallness. We thus impose a subexponential growth of the
number of collisions on each time interval, and discard the other trajectories in a pruned-out term.
In the main term, the bad factor will be compensated by the initial proximity of the distribution; in
the remainder, it will be compensated by the small probability of having a lot of collisions on small
intervals. This pruning process is illustrated in Figure 4.3.

The first pruning process used to show the long time derivation of the Rayleigh—Boltzmann
equation was performed in [9], using a uniform time cutting. The idea that we present in this thesis,
to improve greatly the convergence rate of this derivation, is to consider an adaptive time cutting,
where the length of the time intervals depends on the number of collisions imposed within. This
way, constructing scale-similar intervals containing a number of collisions adapted to their length, in
a scaling that is common to all, allows to distribute uniformly the error due to the pruning term,
eventually getting rid of almost two logarithms that slowed the convergence rates (see the discussion
around Theorem 1).

Finally, we would like to introduce an original perspective that appeared in our attempt to improve
the time scaling, and quantitative convergence rates, of the long time derivation of the correlation
functions. This method, exposed in Section 9.4, displaces the obstruction to long time from the
control on the number of collisions, to a loss of control on the temperature, which are the two main
moral limitations that prevent from having bounds on large times. This way, the latter method
explains how these limitations can be thought of as competing one with the other. Eventually, the
displacement of obstruction allows to gain on the dependency of the quantitative estimates along the
rank of the correlation functions, getting rid of the factor n“* that appears in the bound for the n-th
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correlation function in Theorem 1.

However, this method only works in an L' setting, instead of the L* results that we present in
Chapter 4, since it relies on a large deviation argument. In an adequate twist of fate, it also illustrates
to what end might be employed the large deviation results, as the one we prove in Section 7.4. For
all these reasons, we present this heuristic proof, even if it is not exhaustive. It relies on the idea
that if the velocities are not concentrated around 0, the Gaussian weight in the Maxwellian state,
which initially dominates our density, provides a strong bound thanks to the kinetic energy being
high enough. Doing so, we emancipate ourselves from the Cauchy—Schwarz method that provided
a bad dependency on the number of collisions, but this new method depends more steeply on the
temperature of the system (which rates the decay according to the kinetic energy): the obstruction
is thus displaced.

Moreover, we have to justify that the velocities do not concentrate around 0, which looking at
the collision operators in L' corresponds to a probability of large deviations: for velocities expected
to behave according to a Gaussian distribution, a realization in which an abnormal fraction of them
concentrates on small values constitutes a deviation from the expected density (such a situation is
pictured in Figure 1.6).

Densit
A Yy

-------- Expected density
|:| Concentrated realization

Figure 1.6: An example of large deviation for the velocity Gaussian distribution

For realizations containing a large number of particles, the probability of such an event to occur is
precisely described by an explicit large deviation principle (corresponding here to the one of a binomial
law). This probability hence decays exponentially fast with respect to the number of particles, with
an explicit rate. Note that this method works in L}, and only for large values of implied particles.
Two solutions might be considered to solve the latter problem: the first one is to get rid of the bad
bounds due to the big number of particles only when this number of particles is indeed too big, using
in particular a refinement of the usual Stirling estimate, keeping the large deviation argument only
for these cases. The other, simpler solution is to bring down the information from the high marginals
to the lower ones, yet it also requires some adjustements, as the reader will notice if he browses the
technical details.






Chapter 2

The nonideal Rayleigh gas as a
symmetric mixture model

We enter now the technical details. This section is dedicated to presenting the framework we work
with: the classical hard sphere model at microscopic scale, and its statistical description close to
equilibrium in a Rayleigh setting. More precisely, we expose how we chose to model an unbalanced
mixture in the grand canonical ensemble, introducing our tagged model, which in this chapter is
the most specific part to this thesis. Eventually, we define all the statistical objects whose study
constitutes the core of our results.
Sections 2.2 and 2.6 are more technical and prove respectively the changes of scattering parametriza-

tion, and the foremost BBGKY hierarchy for the setting we concentrate on.

2.1 Microscopic hard sphere model

Microscopically, we consider the hard sphere model, which resembles a perfectly elastic d-dimensional
billiards. The state of a gas of N particles is completely determined by the positions (in the d-
dimensional torus ']I‘d) and the velocities of every particle, represented by the vector

v = (21,5 28) = (zy,vn) € DY = (T9 x RN,

The hard sphere model consists in an exclusion condition, which states that two particles cannot get
closer than a certain diameter € > 0: the positions have to belong to the hard sphere exclusion set

X5 = {zy € T, Vi # 3, d(zi,x;) > e}, (2.1)

where d(-, ) denotes the distance on the torus; and hence the state of the gas zy must belong to the
open domain D = X5 x R,

Within this set, the particles evolve in straight line and their dynamics is hence given by the
Newton equations for uniform line movement: for any i € [1, NJ,

dx; dv;

@ o a Y

Conversely, on the boundary of D%, we have for at least two particles (let us say i and j) the condition
d(zi,xj) = e: they collide. In the case where the scalar product (z; — x;) - (v; — v;) is positive, it
means that the particles are exiting the collision in uniform line movement. Otherwise, they are
entering the collision and must scatter (see Fig.1.2 and the following Section 2.2) according to the

37
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following system giving the post-collisional velocities (v;’, v;'):
Tr— 2\ s —
Uilzvi_<vi—?}j7 1 J> 2 J
€ €

Ty — T4 Ty — T4
Uj,:Uj-f- V; — Uy, J L.
e 3

In the hard sphere case, the interaction is taken instantaneous and elastic: the system above (2.2)
stems from the preservation of momentum and kinetic energy, knowing that the exchange of momen-
tum between the particles is carried by the normal to the hard spheres. Indeed, the velocities simply
switch their component along this normal.

This dynamics is well-defined up to a zero measure set of initial configurations, in which infinite
amounts of collisions might happen in finite times, along with collisions between more than two
particles at a time. This result was proved by Roger Keith Alexander [1], and might also be found
in [34]. Some other models use non-instantaneous scattering governed by potentials of interaction
that can be short-range [34] or long-range [25, 4]. The review by Cédric Villani [61] gives a global
overview of collisional kinetic theory.

(2.2)

2.2 Scattering parametrization
The scattering system (2.2) can be parametrized by either one of the following angles,

. Xy — l’j . Ui, — Uj/
or g = ﬁ
€ |vi" = vj]

(2.3)

The angle w, conditioned for the scattering by the relation w - (v; — v;) < 0, is especially relevant to
picture geometrically the exchange of momentum between the particles, in their physical dynamics
(see Fig. 2.1).

Figure 2.1: Geometric representation of pre- and post-velocities,
from left to right: case vo = 0, general case, detailed geometric construction

On the other hand, in terms of the scattering angle o defined above (2.3), denoting (v,w) =
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(vi,v5), the scattering system (2.2) is equivalent to

vt w v — w|
2 2 (2.4)

y_vtw v —u

T2 7T

where o hence stands for the direction of the deviation with respect to the mean velocity. Since
(v,w,v’,w') are in the same plane, o and w also belong to this same plane (see Fig. 2.2). Thus, we
might reduce their dependency to the 1-dimensional circle, where the following holds

oc=m— 2w,

o going through the full circle, and w through the half-circle: at fixed velocities u, v, we denote S%!
the half-sphere that w ranges, under the condition (v; —v;) -w < 0.

Figure 2.2: Deflection parameters in the velocity space

Throughout this thesis, integrals on the scattering angles will appear, and it will be quite useful
to be able to switch from one variable to another, which we will do considering the following formula.

Lemma 2.2.1 (Change of scattering angle). For any measurable function f, one has

ar F W@ w)dw = '4“' L f(w)do. (2.5)
SZ S

The proof that we give of this lemma, along with other technical results, relies on the hyperspher-
ical coordinates, based on the following parametrization of the sphere si-1.

cos 01

sin 6 cos 65

(6:)1<i<a—2 € [0,7)472 (2.6)
’ ’ Og_1 € [0,27‘(], '
sinfy ...sinf,_9cosfy_1

sin (91 ...sin Hd_2 sin Gd_l

with Jacobian sin=26; sin® >0 .. .sinf,_s.
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Proof. Let us denote u = w—wv the precollisional relative velocity. We want to change the variable w €
S% 1 into o € S*7! in the following integral, written in hyperspherical coordinates

fw){w,uydw = /f(w)|u| cos(04_2) sin?2 0, sin? 3 0y .. .sin® 04_5sinOg_o dby 1,

Sd71

where the d — 2 first angles (6;);<q—2 range [0, 7], and 641 ranges [0, 27]. Thus, choosing the angle

o —

0 = (u,w) as O4_o, the half-sphere that w ranges corresponds to 6 € [0,7/2]. In Fig. 2.2, one can

—_—

see that (u,0) = ™ — 2(u,w), so that we will compute the natural change of variable § = (7 — ¢)/2.
Denoting 6 = (61,...,04_3,04-1), we get by trigonometry formulas that

i f(w){w, u)ydw = /Oﬂ/f(w)’g‘ sin (;b) coS (g) sin®2 0, sin® 26, ...sin? 04_3 dfde

= / /f(w)@ sin(¢) sin?2 0, sin? 3 0, .. .sin 645 dfde
0

_ lul

f(w)do,

4 Sdfl

which concludes the proof. O

2.3 Statistical description of the gas

When the number of particles N enlarges, this hard sphere dynamics becomes very difficult to
compute, especially because it is very chaotic. Indeed, a small shift of a particle might prevent a
collision, which would strongly change its trajectory and cause a macroscopic change in the dynamics.
For this reason, we choose to describe the gas statistically. In this thesis, we study a gas of identical
particles, yet divided in two distinguishable parts, represented by tags £y = (¢1,...,¢n) € {0,1}V:
the tag ¢ = 0 will be attributed to particles initially distributed at thermodynamic equilibrium, and
the tag £ = 1 to ‘tagged’ particles initially perturbed from that equilibrium.

At fixed N € Nand € > 0, we consider W§ (¢, zx, £5) the canonical probability density of presence
of particles with tags £, on the phase space D} at time ¢ > 0: by exchangeability, it is invariant by
permutation among particles with identical tags. The microscopic dynamics, defined by the Newton
equations, provides the Liouville transport equation for W5 within D%

OWE + vy - Vo, Wi = 0. (2.7)

The solutions to this equation are provided by the method of characteristics and expressed in terms of
the initial distribution W§(0) and of the transport going back in time: as long as the positions of the
particles remain in the hard sphere exclusion open domain X5, using the method of characteristics
one can indeed write for any time interval 6t > 0, that

On the boundary of the domain D%, to pursue the backwards characteristics and transport back the
density until time 0, we need the following boundary condition when two particles emerge from a
collision:

d(zi,z;) = e and (z; —zj,v; —v;) >0 = Wgx(zy) =Wx(zh), (2.8)

where 2y = (z1,...,%, 0%, ..., 2;,v;%,...,zn) denotes the pre-collisional state associated to zy.
Note that by reversibility, the formulas for (v;,v}) are the same as for (v], v}).
Note that in reality, in our model the trajectories are deterministic, so that the randomness of this

statistical description only stems from the initial condition W5 (0), and the density W () depends
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on it in a deterministic way. In Section 2.4, we present the initial distribution associated to the
nonideal Rayleigh gas, in a mixture framework, that we introduced in [32]. Eventually, notice that
the particles are exchangeable at the condition to also exchange their tags, which appears in the
symmetry of the canonical densities:

Wﬁ,(zl,ﬁl,. . .,Zi,fi, e ,Zj,fj, .. .,ZN,EN) = W]&;[(Zl,fl,. . .,Zj,fj, .. .,Zi,gi, .. .,ZN,EN). (29)

In the previous litterature, the Rayleigh gas essentially contained a single tagged particle. The
grand canonical ensemble consists in randomizing the number N of particles to a random variable N,
the expectancy of which is tuned by a parameter p called the chemical potential (see Section 2.4).
The kinetic limit that we consider is called the low density limit, or Boltzmann—Grad limit, and
consists in letting this chemical potential p go to infinity while keeping a constant mean free path

MFP = ;= tel=d =1, (2.10)

so that the particles’ diameter € goes to 0. The mean free path corresponds to the average distance
gone through by a particle between two collisions. It is computed such that the cylinders corre-
sponding to the route of the particles between collisions (Fig. 2.3) cover the whole available space (of
volume 1). Since the volume of these N cylinders is proportional to £4=1 % MFP, up to multiplicative
constants we retrieve the mean free path formula (2.10).

Figure 2.3: The mean free path as height of a particle’s route cylinder between collisions

In the low density limit, assuming initial chaos, the first marginal of the density usually converges
to the solution of the Boltzmann equation [34, 24]. We discussed in the introduction that this solution
to the Boltzmann equation, studied by Boltzmann and Maxwell, when well defined, relaxes in large
times to an equilibrium called the Mazwell state and defined [15] as

Mp(a,v) = (i)m exp (—gw) | (2.11)

The parameter 3 stands for the inverse temperature of the system, tuning its intensive (kinetic) en-
ergy. It appears that the density M g)N Lps, is an equilibrium of the microscopic hard sphere dynamics:
the nonideal Rayleigh gas model [57] consists precisely in considering specific initial conditions that
are close to this thermodynamic equilibrium, to retrieve a linear version of the Boltzmann equation,
whose theory is much simpler and hence might be derived for long time scales. More precisely, we will
consider a gas at equilibrium, in which a subset of tagged particles are perturbed from equilibrium,
breaking the particles’ exchangeability. In the case of a single tagged particle, the derivation of a
linear equation has been shown [9, 31] when choosing the following perturbation of equilibrium as
initial state

Ly (zy)

WIEV(OvéN) = ZEC
N

plan) MG (zy). (2.12)
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for p € C(T%) a continuous space perturbation on the torus, and Z3° a normalization constant.
Indeed, in the Boltzmann—Grad limit, the first marginal of W5 behaves like the solution g = Mgy
to the linear Rayleigh—Boltzmann equation [9] with initial condition p:

b = [ LI e,
p().

©0,z,v) =

This linear equation (2.13) is globally well-posed in the velocity-weighted space L°IL;°(Mg/9) (see
Chapter 3, Section 3.3.3), and allows to derive the linear heat equation in the hydrodynamic limit [9].

Some partial results exist for this same model with long-range interactions instead of hard sphere
collisions [25, 4], yet the complete derivation of the Rayleigh-Boltzmann equation for general poten-
tials is still an open problem. Other ways to derive the linear Rayleigh—Boltzmann equation for long
time scales are the ideal Rayleigh gas model, in which the particles at equilibrium do not interact
among themselves [30, 49, 51], and the Lorentz gas model, which consists in letting a tagged particle
evolve in a frozen random background [58, 19, 38].

2.4 Grand canonical framework for the tagged mixture

As introduced in the previous section, we want to study the behaviour of an arbitrary large subset
of tagged particles perturbed away from equilibrium, whose density will follow a linear version of
the Boltzmann equation, that we call the Rayleigh-Boltzmann equation (2.13). This derivation has
been studied in the case of a finite set [9, 31], but to provide extended statistical results on this
gas we hereafter take its size diverging to infinity, yet remaining a tiny fraction of the gas. Our
statistical study is based on an analysis in cumulants (see Section 5.1), that highly relies on the
symmetry of the system. Hence, to preserve the symmetric structure of the objets that we consider,
we work in the grand canonical ensemble and introduce an additional tagging variable, indicating
to which set each particle belongs. Each particle is randomly assigned a tag, so that all of them
are statistically identical. This approach to describe a gas mixture is different from the canonical
one, used by loakeim Ampatzoglou, Joseph K. Miller and Natasa Pavlovié¢ in their article deriving a
mixed Boltzmann equation [3]; indeed their description is made in the canonical ensemble, at fixed
numbers of particles of each kind.

The particles at equilibrium are taken in the usual low density (Boltzamnn—Grad) limit, whereas
the tagged perturbed particles only occupy a tiny fraction of the gas, smaller than the Boltzmann—
Grad density: otherwise indeed they would behave like a classical Boltzmann dilute gas, satisfying
the non-linear Boltzmann equation (3.1). This all boils down to the following scaling,

pel =1 and 1<\ < p, (Se,p0)

where p > 0 corresponds to the chemical potential of the particles at equilibrium, and A > 0 to that
of tagged particles. The notation A < u simply means that A ="' goes to 0, as A and z go to infinity.
Formally, the particles at initial equilibrium will be tagged with a 0, and the initially
perturbed ‘tagged’ particles will be tagged with a 1. The tags of all particles hence form
a vector £, € A, = {0,1}", identified to the corresponding subset ¢, C [1,n], with the following
notation
ol =Ll =i <y =1} and @f™(z, ) = [ wolz).

<n

;=1
Moreover, instead of p a perturbation happening in space only, as in [9], we will hereafter consider
an initial perturbation ¢y € LZ°L;°(Mg/9) also happening in velocities. Now, we introduce the
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mixed grand canonical ensemble, which consists in relaxing the number of particles, weighting it
with a mixed Poisson law depending on the number of tagged particles. More precisely, at fixed A,
and pu = g1~ we take the following weighted canonical initial densities

L —£
Al rit]

. n ®£L,,
sz(oagmgn) = z M,B (ﬂn)% (gﬁn)]l/\’fl (Qn) (2'14)
i

driven by the Liouville equation (2.7), for a normalizing constant Z, that we will adjust soon
n (2.17). In the grand canonical ensemble, we randomize the total number of particles, and we
will study correlation functions, that project the dynamics on a finite number of studied parti-
cles. Their definition is based on the marginals of the canonical densities: looking at configurations
(ZnyIN) = (2, 255 o O 1), the marginals average the density over the values of 2%y, Ly g, as

web it z0) = Y W5 (t 2n. Ly )dzh (2.15)

DN—k
IN_LEAN_k

where the density is prolongated by 0 outside of the hard sphere domain D%;. The chemical potential
weights the tagged particles, and p weights the others. Note that we also take the marginal according
to the tags, corresponding to the sum over ﬁ; € A,. Since the number IV of particles will go to infinity,
we need to project their statistics to remain in a fixed functional framework: this is why we study
marginals of the density. Then, the correlation functions are defined as

Fe(t, Znafn) — |€ |)\|£ ‘ Z n+p t,ZT“fn) (2]_6)
)\lfp\'up 145 ol ) *
72 > / ME™ (@, )00 " (5, Mz, (Enip)dz;,
F p20£ren, P!

where the normalizing (grand canonical) partition function is hence defined as follows

6]ty
2=y % A / )0 (zip)]lxg(gp)dgp. (2.17)

p=20¢,€Np

By construction, the correlation functions satisfy the same symmetry property (2.9) as the canonical
densities. One can remark that in the case of a single tagged particle [9, 31], thanks to the invariance
by translation of the spatial domain, the partition function does not depend on the perturbation .
Indeed, in the said papers, one can perform the spatial change of variable y; = x; —x1,7 > 2, yielding

/TdN p(r1)lag (21, .., 2n)dzy = /szv p(x)lag (21, y2 + 21, ..., yn + 21)dz1dys ... dyn

- /erzv p(xl)]lngv (0,92,...,yn)dz1dys . .. dyn,

by invariance by translation, which allows to integrate p over xj.

Here, the perturbed particles are correlated one with another, preventing us from using the same
argument, which is why the initial perturbation appears in the formula (2.17) above. Note that the
velocities of the non-perturbed particles (in the complementary of £,) may be integrated writing

A'EP‘,up 1| e ®L,
2= > My (g oo * (20 Vg (x,)da,duy |
P04 €A,
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using the fact that the equilibrium Mg is of integral 1. We still keep the first formulation for symmetry
reasons; a more precise study of this object is made in Section 5.4.
Our probabilistic study is based on the random wvariables

(28 1cien, and (Li)i<icn, (2.18)

respectively giving the states of the particles at time ¢, and their tags (invariant in time). The

probability density of the initial state (ZE[ 3, L;) has been determined above, and the evolution to time ¢
is a deterministic piecewise affine function of the initial state, following the microscopic hard sphere
dynamics. The correlation functions are in fact defined such that for any observable H,, € C°(D" x

A;,), we have the following link between correlation functions and expectancy of this observable

[t] [t] o N! 1
E 1<4Z H (Zsu’Lila-- Zgz ,L )] _]E|:5N2n(./\/’_n)|H (Z Ll’” Zg]n,L )
lip#ii <N
_Z | Z/ WE t,Zp,f (Z E)d
L,€Mp
S [ B s )i
£, €A,
(2.19)

This formula between the correlation functions and observables will be used in the combinatorial
computations of Section 6.1, when expanding the cumulant generating function.

2.5 Panoply of statistical objects

In this short section, we present the objects studied to describe the statistical behaviour of the system
defined above. The first ones are the canonical densities W§; and their marginals (2.15), which have
been historically studied by Lanford in [45], and later in [34]. Further studies [12] took place in the
grand canonical ensemble formalism, studying the correlation functions F), defined in the section
above (2.16). This is also the case in this thesis, at Chapter 4.

For any observable H € CX°(D x A1) of the value of the positions and tags of particles, we now
define the following random variables: the empirical measure of all particles

ZH “, ), (2.20)

and the empirical measure of tagged particles

N
Z H(ZY, L)1, (2.21)
These random variables are defined based on the random positions and tags of the particles, defined
n (2.18), to capture the average value of the observable H for the particles of the system, and to
describe the gas statistically at the level of a law of large numbers (see Corollary 4.1.1).

Actually, the empirical measures can be seen as the observations of a random measure in a wider
space. For example, the empirical measure of the tagged particles can be associated with the random
measure T; € M(D) on the domain D, writing

:/H@mﬁ@. (2.22)



2.6. BBGKY HIERARCHY ON THE DENSITY MARGINALS 45

The family (7%)g<s<; defines a measure on the trajectories of DI, The set Traj([0,t], M (D))
of such measures is endowed with the Skorokhod topology. The large deviations of this trajectory
measure is studied in Theorem 3.

Eventually, one may also define the fluctuation field of this measure as

G = VA —E[77)), (2.23)

to capture the next small order after the law of large numbers, in the idea of a central limit theorem.
The asymptotical fluctuations of the empirical measure are exposed in Theorem 2.

The paramount statistical objects to describe the evolution of such quantities are the cumu-
lants (f;) of the dynamics, defined in (5.1). They decompose the fine scales of the dynamics con-
tained in the correlation functions, to capture the small-scale correlations of the system. Chapter 5
is dedicated to their combinatorial construction, and their convergence is the subject of Chapter 6.

2.6 BBGKY hierarchy on the density marginals

The marginals (2.15) correspond to the projection of the density of the particles, as their number
will greatly enlarge. Each equation satisfied by a marginal implies the closest marginal of higher
order, which forms a global hierarchy of equations, which is closed by the Liouville equation (2.7)
in the canonical case, and closed at infinity in the grand canonical case. This hierarchy is called
BBGKY hierarchy after Nikolai Bogolioubov, Max Born, Herbert Green, John Kirkwood and Jacques
Yvon; and can be formulated as follows in our case. For a tag ¢ € {0, 1}, we first introduce the n-th
collision operator

cf FE—H Z/ w, Ve — Vi) Fr (24, s, T3 + €w, v, £)dwdy, (2.24)

which represents the influence of a (n + 1)-th particle (with tag ¢) on the average dynamics of
n considered particles.

Proposition 2.6.1 (BBGKY hierarchy for the Rayleigh mixture). For the Rayleigh gas mixture
introduced in the beginning of this chapter, the canonical densities’ marginals satisfy the following
hierarchy

8tW§;(n) +u, - V%W]‘if’(”) = (N - n)gd—l (C<0>W]ev,(n+1) n C<1>W6’("+1)>

= (N — gd= 122/ W, Ve — 1J1>I/V]\,(n+1)(zn,ﬂn,:cZ + ew, Ve, £)dwdo,
£=01i=1

for any n > 1. In our mized Boltzmann-Grad scaling (S:,. ), it direcly implies the following
BBGKY hierarchy for the correlation functions

A
OF: + v, Vg Fo=COF 4 + cg JFEL . (2.25)

The proof of this Proposition is detailed in the following Sections 2.6.1 and 2.6.2. To make appear
the gain and loss terms of the Boltzmann equations (such as (2.13)), we rewrite the collision operators
using the boundary condition (2.8) when (w,v,+1 — v;) > 0, and the change of variable w — —w
otherwise:

C7<f>F,§+1 = Z /dwdvnH(w,vnH — V) + X

[Fri—i-l(ézvﬁm T+ ew, U;;—I—l’ f) - F’ri—f—l(énaﬁm Tj — EW, Un+1, Z)} . (2'26)
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Morally, we look at the influence of a (n 4 1)-th particle—with tag ¢—on the dynamics, colliding
with one of the n existing ones with angle w and velocity v,11, whence the name collision operators.
The cross section (w,vp4+1 — v;)+ weights the likelihood of such a collision.

Note that [3] derives a mixed Boltzmann equation for a different setting, in a canonical case

where the number of particles of each kind is fixed. It could also work in our case, studying canonical
densities’ marginals of the form

WJ(\’Tn]\ZL)(ZTU /WNM ZnazN n7§ CM m) dZN ndCM m’

where the vectors z,, = (z,,,u,) and ¢,, = (y, ,vy,) representing the positions of tagged and non-
tagged particles are separated. This Would lead to a BBGKY hierarchy of the form

GWNT 4w VWi + v VWi = Zas O W™ 4 Ll WY,

where the four collision operators represent the influence of the tagged particles on themselves, of
the tagged particles on the non-tagged ones, of the non-tagged ones on the tagged ones, etc. with
weights a., 5. depending on the number of particles of each kind.

Nevertheless, even if our tag model implies specific technical difficulties, it alleviates the notation

and most of all it preserves a symmetrical structure that greatly helps to study the cumulants of the
system, and makes all the computations formally closer to the non-mixture case.

2.6.1 Proof of the mixed hierarchy

We start with the proof of Proposition 2.6.1, before proving some technical changes of variables that
appear in it, in Section 2.6.2.

Proof. We are going to test the Liouville equation (2.7) against observables 1) € C2°(RT x DI x Ay)
that satisfy the same symmetry (2.9) and boundary (2.8) conditions as Wg. The time derivative
of the Liouville equation will commute with the marginal, by integration by parts with ¢ regular
enough: recalling the definition of the s-th marginal (2.15) we write

S [ OVt ) U 2 £zl
e*

—s

=— [ W50, 2, £,) (0, 2, £,)dz, — / W (1, 2, £) 000 (t, 24, £,)dz, dt
Ds R+xDs

= / 8tW]€\;(S)(tv§s7£s)w(t7§sv£s)d§sdt'
R+ xDs

On the other hand, for the transport term of the Liouville equation, we apply the Green formula in
space, decomposing the boundary of the hard sphere exclusion set X into the surfaces of contact
between two particles ¢,7 < N,

2(i,§) = {zy € R |z; — 2] = €},
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recalling that the collisions implying more than 2 particles are of measure zero [1]. Hence, we get

Z/E UN - VENWJ%(gNygN)w(Ewﬁs)dgN
ty "PN

- Z leZE UNW]i/' (§N7 ﬁN))w(ésa Es)dgN

= —ZZ WN ZN,EN)Uz szw( )dgN

Ly =1
> Z Lo [ mi e Wi e £ s £)d0" (i
1<i<j<N £ 7 RY B0

The first term corresponds by integration par parts to the gradient of the s-th marginal W;,’(s).

The second term corresponds to the influence of collisions: since the normal vector is
Nij; = 7(0,...,1‘]'—SUZ',...,ZL‘i—l‘j,...,O),

its double sum can be rewritten

S S [ s e e ey, 220

1<i<j<N £y (4.7) f&

We henceforth split this sum according to the following Figure 2.4.
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Figure 2.4: Decomposition of the BBGKY interactions

For 1 <i<s < j <N, we compute a change of variable on z; from the hypersurface X(i, j) to
the sphere S¢~1(z;) of center x; and radius e. The technical details of this change of variable, that
makes appear a factor v/2, are postponed to the following Section 2.6.2. We get

/]RdN / (3,5) li] xl\)/g(vz v]) WN(zN’ KN)w(ésv Es)do'i’j (QN)dQN (2.28)

= T i
_/RdN /WN ) /S » )-(vi—vj)WfV(gN,ﬁN)w(gs,ﬁs)dml...dw (z;) ... dzyduy.

Now, we parametrize x; = x; + cw < w = (z; — ;) /¢, and use the exchangeability of particles to
swap z; and xsy1: by the definition of the (s + 1)-th marginal, if £ = ((s12,...,¢N) € Ay_(s41), We
have

Z/RdN/ 2(4,5) Q(EUl ')W]E\/'(éNvﬁN)qp(&svEs)do'i’j(lN)dQN

d— ) +1
=& ! ‘/Rd(5+1) ‘/']I‘ds Ad—l w - (U’i - Us-i-l)W]EV(S )(557 Xy + 8(")7 /Us-i-lags-‘,-l)/lp(gsaEs)didedQs-Fl*
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Otherwise, if 4,5 € [1,s] or i,j € [s + 1, N], the associated term will vanish by symmetry of the
pre- and post-collisional configurations: let us fix z such that zy € X(4, 7). Denoting

* *
vy = (V1,05 07, UN)

the precollisional velocities, we will use the fact that the change of variable (v;,v;) — (v;*,v;%) is of
Jacobian 1 (see once again Section 2.6.2). Since by the scattering rules one has

- (v = vj) = —w(vf —15),
and using the boundary condition (2.8) on W§ and 1, we get
o 0= 0 Wiz )y
= [l 0= )], Wiy — [ o 0 = )]l Wilen)w(z)dey
= [l 0" = o WREUE — [ o (0= o)) W (en)lz)duy = 0.

Hence, the only contributing terms of the double sum (2.27) are the crossed terms, which at a
fixed i appear each one identically (N — s) times by symmetry, so that the double sum is equal to

d IZZ/S/Rd x/Sd 1 vSJrl )WN(S+1)(25’63’$i+gw’vs+la£s+1)devs+ld§5-
=1/

One recognizes the collision operator (2.24), so that we retrieve the BBGKY hierarchy of the canon-
ical densities, proving the first part of the proposition. For the correlation functions, we use their
definition and the mixed scaling (S: ) to write

O, F¢ FE = ked ™! C<0> &,(n+1) C<1> &,(n+1)
tn+Qn'v§n n n—|t, ‘)\w'Z Ll (an+k + an+k )
_ Z E ,(n+1) + Agd_l Ed_lc(l>W57(n+1)
Mnﬂ |1z I\ ku Wik s Pt ol on Vntk+
A
=COFey + =CVF,
“
completing the proof of Proposition 2.6.1 by linearity of the collision operators. ([

2.6.2 Technical changes of variable
Change of variable on the hypersurface (i, j).

As announced sooner, we hereafter prove the change of variable used in Section 2.6.1, at line (2.28),

to prove the BBGKY hierarchy. We use the notation presented in the concerned section, to change

the parametrization of the hypersurface (¢, j) to the sphere Sg_l(xi), making appear a factor v/2.
Let us consider the case of two particles x = xz; and y = x;, since the other ones are free of

conditions in X(i, ). Let us denote ¢(fy,...,04_1) a parametrization of ¢ - ST~!. We thus have the
following parametrization of X(i,7) > (z,y) as a union of balls with centers =z = (t1,...,%4) and
radiuses &,

O(ty,... tq,01,...,04-1) = (tIS costasti 90, 0a-1)5 - sta + @(01, ,td—l)), (2.29)
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o = (%) . (2.30)

Then, by integration over a hypersurface, the element of surface of (i, j) is given by

whose Jacobian is given by

do(z,y) = Ae(Ty,©04-1)dTydO 41, (2.31)

where the area Ag(Ty, ©4-1) is yielded by the norm of the cross product of the columns of Jg, or

differently formulated
2d

AG = Ao(k)?, (2.32)
i=1
where Ag(k) is the determinant of Jg deprived of its k-th line. A simple computation of matrix
calculus using the relation (2.30) between both Jacobians—developping for & < d along the k-th
column which has only a single 1 in (d 4 k)-th position—yields

Ay(k)?ifk <d
2 _ ¢ =
Ao (k)" = { Ay(k — d)? otherwise, (2.33)
so that
A =242, (2.34)

i.e. eventually

do(z,y) = V2 - dzdw(y), (2.35)
whence the v/2 factor, concluding the proof. O

Change of variable from pre- to post-collisional velocities.

At fixed w, the map (v, v.) — (v*,v.*) has Jacobian 1. Indeed, denoting Qs = w x ‘w, we have

([ I-9| @
J_< o I_QQ>. (2.36)

Inspired by the scalar case, we conjugate by ( § _II ) , and then diagonalize (2 of rank 1 with the

eigenpair (|w|?,w), to eventually get

det J = det(I) - det(I — 20) = 1 — 2Jw|? = —1, (2.37)

completing the computation. U






Chapter 3

Linear Boltzmann equations

This chapter is dedicated to the introduction of the Boltzmann equation, and of various of its linear
versions, appearing in different statistical descriptions of the particles’s system.

We insist on the Rayleigh—Boltzmann equation (2.13), along with the linear Boltzmann—Hamilton—
Jacobi system that appears in the study of the large deviation principle exposed in Theorem 3 (see
Section 6.6.5) . We study the properties and wellposedness of these equations respectively in Sec-
tions 3.3 and 3.4.

3.1 The Boltzmann equation

The Boltzmann equation was introduced by Ludwig Eduard Boltzmann in 1872, based on a statistical
description of a microscopically atomistic gas. For a density of particles F(¢,x,v) on the position-
velocity phase space D x RY, it reads

OF +v- -V, F = /Sd—l /]Rd [F(v*)F(v}) — F(v)F (ve) [ {w, ve — v)4dvedw (3.1)

in the case of the hard sphere potential, with the notation of previous chapter. This equation usually
goes along with an initial condition F(0,z,v). Note that this equation is transport-like from its left
side, the right side corresponding to the influence of collisions on the dynamics. It is valid in the case
of dilute gases, in which the collisions might be considered binary, implying only two particles at a
time, hence quite localized in time and space. The choice of another microscopical potential would
merely change the cross section (w, v.—v)4. This equation directly stems from the BBGKY hierarchy
(see Proposition 2.6.1): indeed, it is the formal limit of the equation on the first marginal, under the
assumption of chaoticity

Fy = F®?,

introduced by Maxwell, and historically called Stofizahlansatz by Paul and Tatiana Ehrenfest [29].
Eventually, it highly relies on the microscopical reversibility, in part due to the elasticity of the
collisions. Recently, Théophile Dolmaire and Juan José Lopez Velazquez studied an inelastic version
of the atomistic gas [27], and Dolmaire and Alessia Nota derived an inelastic version of the Boltzmann
equation [26].

The derivation of this equation in the hard sphere case has been performed in 1975 by Lanford [45],
and extended to compactly supported potentials in 2013 [34], yet its derivation for general potentials
is still an open problem. For a review of the existing results on the Boltzmann equation and its
Cauchy problem, see the review by Villani [61].

o1
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3.2 Linearizations

Let us denote
Q(F,G) = /Sdi1 /]Rd [F(v*)G(v}) — F(v)G(ve) | {w, ve — v)4dvedw

the non-symmetrical bilinear Boltzmann collision operator. Linear versions of the Boltzmann equa-
tion appear in situations close to some known solution

WF +v- -V, F=Q(F,F), (3.2)

yet the notion of closeness can take different shapes. First, one may look at small perturbations of
the form
F=F +¢f°.

Using the fact that F satisfies (3.2), the rescaled perturbation f¢ satisfies
Ouf* +v-Vaf* = Q(F, f7) + Q(fF, F) +Q(f*, f°).

Hence, at first order as € gets small, it is driven by the linearized Boltzmann operator

Lpf* = Q(F. ) + Q(f°, ). (3.3)

In particular, one can study small perturbations around the thermodynamic equilibrium F = Mg
(defined in (2.11)), to get uniform bounds on the linear operator (see [19] for details).

On the other hand, the linearization can appear in a mixture case, when the fraction of a kind of
particles goes to 0 at the limit (which is in particular the case for a single tagged particle). Indeed,
looking the mixture BBGKY hierarchy given in Proposition 2.6.1, one can see that the influence of
tagged particles is weighted by a factor A/u, vanishing in the scaling (5., ). Hence, in the limit
equation for the density of tagged particles, the quadratic term vanishes and we retrieve the linear
Rayleigh—Boltzmann equation (2.13) exposed in the previous chapter: it corresponds to half the
linear operator Ly, defined above (3.3), with only its part Q(f, Mg), up to a change of variable.
Indeed, if ¢ satisfies the Rayleigh-Boltzmann equation, one can check that F' = Mgy is a solution
of the equation

OF +v -V, F = Q(F, Mg).

For further details, see the following sections, in which we juggle with various changes of unknowns.
Though the first linearized Boltzmann operator is generally studied in a weighted L? space to harness
the fact that it is self-adjoint, the linear Rayleigh—Boltzmann equation can here be treated in a
weighted LL°° space. Next section is dedicated to its study.

3.3 The linear Rayleigh—Boltzmann equation

3.3.1 Rayleigh—Boltzmann integral kernel

To get existence and uniqueness results on the linear Rayleigh—Boltzmann equation, we proceed to a
similar decomposition as in [37], and compute the integrals in the hyperspherical coordinates given
in (2.6). The linear Rayleigh—Boltzmann equation (2.13) might be written

i +v - Vaep = Kp(v) —vg(v)e(v)

where the gain operator is

Ko(v) = / (e — v, w)s Mg (v)p(v*)dwdoe (3.4)
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and the loss factor is
vg(v) = /(vc — v, w) 4 Mg(ve)dwdu. (3.5)

The loss factor being bounded below in v, it will provide some decay of the solution, while the gain
operator will rather make it grow. We will prove that it can be made nonetheless bounded, starting
with the following lemma.

Lemma 3.3.1 (Integral kernel of the gain part). The gain operator K defined above (3.4) has the
following kernel integral formula

(B e =2 2=z (I~ [o?)°
K@(”)—\/;/M_WGXP <_”B[ s 1 * 8|n — v|? an

Proof. We start by the translated change of variable V' = v, — v. Additionally, changing the angle w
into —w merely changes the collision kernel to |{(v. —v,w)_|, so that up to dividing the integral over w
by two, it can be made on the whole sphere S™"!'. Eventually, at fixed angle w, we isolate the part
of V = v, — v supported on w, whose norm appears in the collision kernel: we write

V=V,w+U,, withU, -w=0.
Then, recalling the scattering formula (2.2) in which the projection of V' on w also appears, we have
Ke(v) = ;/ V| Ma(v + V)p(v + Vow)dwdV.
The key computation is now to relax the angle w, and to introduce the variable
£ = Vow,
going twice across R?, and satisfying U, - £ = 0. We perform the change of variable
dwdV =dw dV, dU |

d¢

Eventually, we perform the translated change of variable & — v + & = 7, so that

d
Koe) = [ 1EM5(0+€ +UL)e(w+ ) gl
= [ e Moo+ U)ot dy AU (30

To compute the integral over U, it is useful to harness a vector whose scalar product with £ =n—wv
is easy to calculate: we set

|

2
At lign (3.6), the Maxwellian M3 depends on the square of the velocities (2.11), and so makes appear

m+UL+a—a=U +af+n—af> +2(U. +a,n—a)

2
- 1

1 §<2UL+77+U;77—U>,
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so that using the fact that (U, ,n — v) = 0, we have

W—M2+WF—WV
1 9

n+ULP = UL +af +
Decomposing « according to £ as
a=aj;+a, €Span(€) @£,

it all boils down to writing

8 [ 124 In=0l® | Inl2=lv]?
/Mﬁ n+UL>dUL—(zi) (A }/e‘g'“”wdm

2 2 .2
ﬂ g[a1|2+m In=vf? | lnl® o] }
o .

The result follows from the computation above and formula (3.6), observing that

2
2 (P =P
4l —of?

vt+n §

2 ¢

o |? =

O

To get existence results on large times, we would like this kernel to be bounded, yet in this form

it is not, as shown in the following lemma.

Lemma 3.3.2 (Estimate on the kernel). There exist constants cg and Cg depending only on the
dimension and the temperature, such that the integral kernel from Lemma 3.5.1 satisfies for allv € R4

2
2 2
|n—u|2+|n\2—|v|2+(‘"‘ — vl )
8 4 8ln—vl2

B
dn [
cp(1+v]) < / We < Cp(1+ |v)).

Proof. We start denoting u = v — 1, so that

[ = ol = o = uf® = [v]* = [ul]® - 2u - v.

Thus, in hyperspherical coordinates (see (2.6) in Section 2.2) with respect to v, denoting d.J(#) the

Jacobian corresponding to the measure on the unit sphere, and 6 = 635 = (u,v), one has

2
ﬁ+r272r|v| C050+ (7‘*2\1}\ cos 9)
8 4 8

2
_vl2 2_ 112 (l"?‘ [v] )
n—v n v

o[ttt bz d
/|dn|d_2€ o :/deJ(Qdfl)Y’e
n—v

= / drdJ(Qd_l)re_g(’"—M c0s0)?

The last equality above merely results from developing and refactorizing the term in brackets.
The final estimate follows from recognizing the expectancy of a non-normalized Gaussian centered

around |v|cos @, then integrating over 6, which provides the constants depending on the dimension

and temperature, concluding the proof. O
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3.3.2 Modified Rayleigh—Boltzmann equation

Hence, this kernel is not bounded in v and it is necessary to compute a change of unknown in the
linear Rayleigh-Boltzmann equation (2.13), to better distribute the exponential decay and get a
bounded operator. Setting

R=M}g.
the Rayleigh—Boltzmann equation becomes
R +v-V.R=KR(v) —vsv)R(v), (3.7)
for the new operator
KR(v) = / (ve — v, ) My (ve) M3 ()M ? (o)) R(v')deod,. (3.8)

Lemma 3.3.3 (Integral kernel of the modified gain part). The new gain operator K defined above (3.8)
has the following kernel integral formula

n—o2 . (Inl® = [v?)?
\/;/m o 77 % ( l 5 " o op Dd”’

and is bounded on L™ as a consequence of the following estimate on its integral kernel

2
/ I L (U TR A -]
2 ) - er 8 8l — vf? =8|

1 _1
Proof. The only difference between both operators is the factor M7 (v) M, * (") = exp(B(|v|*—|n|*)/4)
in the change of variable of the proof of Lemma 3.3.1, proving the new kernel formula.
Using once again the hyperspherical coordinates (see (2.6) and above), we have

2 2 2
=i , (in2=1012)

_ - S
/|d77|d—26 l 8ln—v| ] — /deJ(Qd_l)re—g[r2+(r—2\y|0059)2]'
n—v

Now, one can integrate

/oo o g[r +(r—2[v| cos ) ]dT‘ _ |:_62€g[r2+(r2|v|c059)2]] n |U|COS€/ re g [r2+(r—2|v| cos 0) ]d
0

0

In the second integral, part of the weight concentrates around 0, and the rest around 2|v|cos 6, so it
can be split into

|v] cos O &0
/ e_g[r2+(r_2|v|cose)2]d,r < / e_guzdu
0 \

v| cos 6

< 8
-
~ Blv|cosf

—§|v\2 cos? 6

(bounding by standard estimates on the Gaussian cumulative distribution function), and similarly

)
/ e—g[r2+(r—2|v\ cos G)Q]dr < Le* S |v]? cos 9.
|v| cos 6 /B‘U’ cost
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In the end, we get
/OO Tefg[r2+(r72|v| cose)z]dr < ze—g[Q\fu\ cos 6]2 + Ee—gw\z cos? 9‘
0 B

It remains to integrate over 6 as

1
0 -1 [y B

The contribution of the integral over 6 to the volume of the sphere is 2, so that the integral over the
other angles yields [S?71|/2. In the end,

/oo Tef%[r%r(rfﬂv\ cos G)Q]dr < ’Sdil, 2 1 2m 161 81
0

=2 (Mr T 5)’

which concludes the proof when multiplying by the factor /3(27)~1. The kernel is also bounded for
small values of |v| in dimensions d > 2, so that the operator is bounded from L*(D) to itself.

We refer to the introducing Section 1.3.2, and Figure 1.3, for a graphical visualization of the way
we displaced the exponential weight by computing the change of unknown. U

3.3.3 Wellposedness of the linear Rayleigh—Boltzmann equation

Thanks to the bound on the modified operator K in Lemma 3.3.3 above, we get the global existence
and uniqueness of the original Rayleigh-Boltzmann equation (2.13) in the velocity-weighted space
Fi—pja = L 1Lg7 (Mg /o) (see (4.14) for a generalization of this space), endowed with the norm

B,
supgss | £(2) exp (= 10]1?) | < oc,

as for the existence and uniqueness of the following Boltzmann—Hamilton—Jacobi system (3.9). Note
that we assume indeed that our initial condition ¢q is in that space. We refer to the course [2] on
Transport and diffusion for details: we want to construct a solution R in the integral formulation

t t t
R(t,z)=e¢" fo VB(S,U)dSR(ij — tv,v) +/ KR(s,z + (s — t)v,v)e” fs VB(T’U)deS
0

= e Jo v p(0, z — tv,v) + ZR(E, 2).

Using the fixed point method, we construct it as

R(t,z) =) E" {e_ Jo v R0, 2 — to,v)]

n=0

converging thanks to the bound on K. We give a bit more details in the following proof of Proposi-
tion 3.4.1.

3.4 The Boltzmann—Hamilton—Jacobi system

We expose here a last linear Boltzmann-like system, appearing in the description of the large de-
viations of the tagged empirical measure of the system, that we call Boltzmann-Hamilton-Jacobi
system (see Section 6.6.5, Proposition 6.6.5) . It consists in two linear Rayleigh-Boltzmann equa-
tions, one of them constructed forward on an interval [0,¢] with an initial condition, the second



3.4. THE BOLTZMANN-HAMILTON-JACOBI SYSTEM o7

one constructed backward with a final condition, both with an additional linear term driven by an
observable 0; € L°°(D):

(85 — - vx)X = —0x + /dvgdw@ — UQ,W>+(Mﬁ(Ué)X(Z,) - M,B(UQ)X(Z))
(3.9)

(0s —v-Vy)n=+6n— /dvgdw@ — vg,w) 4+ Mpg(v2) (n(z') — n(z)),
of unknowns (x, ), with the boundary conditions

x(0) = Mgpo
n(t) =~(t) € F1,_p/a-

It is a linear version of the quadratic case [12, Section 7.2], which has been studied by Chenjiayue
Qi in long times in the case of small initial data [55]. Note that their collision operators are identical
up to a change of unknown, as discussed at the end of Section 3.2.

To obtain the boundedness of the gain operator appearing in the Rayleigh—Boltzmann equation,
we computed a change of unknown that distributed differently the exponential weights. However,
doing so, we caused the new gain operator to be greater than the loss factor for small velocities, so that
the latter do not compensate totally the gain operator. Because of this, they will not immediately
provide a maximum principle.

In the specific case of the system (3.9) that we study here, we have no hope of a maximum
principle, because of the gain terms —6;x; and 6;7; that depend on the observable 6;.

We use once again the notation F; g/ for the set of functions decaying faster than the g—GauSSian

in velocities.

Proposition 3.4.1 (Wellposedness of the Boltzmann—Hamilton—Jacobi system). For any timet > 0,
for a bounded gain weight 6 € L.°°(D), and boundary conditions

x(0) = Mppo € Fi5/4
n(t) =) € Fi_p/a;

the system (3.9) has a unique global positive solution (x,n) € L™ ([O,t], F1,8/4 X ]:17_/3/4>.

Proof. We will compute a different change of unknown to go from the operators of the Boltzmann—
Hamilton—Jacobi system (3.9) to the bounded operator K defined in (3.8). Considering x(0) € F1 g4,

_1
we will look at R(0) = My *x(0) € L(D). The existence of a global solution for the first equation
of the system (3.9) above, on x in Fj g4, is thus equivalent to the global existence in .°°(D) of the
modified Rayleigh—-Boltzmann equation

&R +v-V,R=KR(v)—0R —vg(v)R(v),

with the modified gain operator K, which is shown to be bounded in L°°(D) (Lemma 3.3.3). Hence,
the operator R — KR — 0R is also bounded for # € L>°(D). Classical results in kinetic theory [2]
states that there exists a global unique positive solution to this equation, with the bound, for any
time ¢ > 0,

IR() Lo < [R(O) e,

where the constant C' depends on the operators’ kernels as

[uv2+ (u2_v|2)2‘|
/ 2 8 8lu—v|2
= sup ™) du —6(z) — vg(v)

z€D R4 ’uiv‘d 2
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This concludes the proof, returning to the variable x € 1 g/4. The same computation holds back-
wards in time for 1, observing that Mpgn satisfies a linear Boltzmann-like equation with the same
collision operator as x. Note that even in the case 8§ = 0, one can check that the constant C'is positive
because of small velocities. In this case nevertheless, one can still prove a maximum principle using
more elaborate methods implying a bootstrap argument to fall back in spaces in which a complete
spectral study is possible (see for example [35, Section 3.1], or more recently [55]). O



Chapter 4

Long-time convergence of the
correlation functions

In this chapter, we show the convergence of the correlation functions (F),) defined in (2.16) to the fam-
ily (M ?"g@‘@g")n}l, where ¢ is the solution of the linear Rayleigh-Boltzmann equation (2.13). Indeed,
this family satisfies the formal limit of the BBGKY hierarchy (2.25) with initial conditions (2.14).
This work has been originally written in [32].

Section 4.1 exposes the result, along with the law of large numbers that is its consequence. The
following Section 4.2 introduces the crucial concept of pseudo-trajectories, and explains how the
strategy of the proof is structured around this object, which is done in the last sections of this paper.
Note the presence of Section 4.6, dedicated to the adaptive pruning method used to improve greatly
the convergence rate in Theorem 1.

4.1 Convergence result, a law of large numbers

The following theorem provides a convergence rate of the mixed correlation functions to the solutions
of the Rayleigh—Boltzmann equation, which is a generalization of [31, 9] with a time scale of validity
improved by a power 1/4 thanks to a more precise computation (see the proof of Proposition 4.6.1).
Moreover, here for completeness the result is extended to all the correlation functions (not only the
first one), yet at the cost of a bad constant n“* stemming from the time cutting method we use. This
constant, which did not appear in the convergence of the first marginal, is due to an accumulation
of errors at each time step of our cutting. Note finally that we use the pruning method discussed in
the introducing Section 1.6, with the adaptive time cutting introduced in [31], improving greatly the
convergence rate compared to [9]. Note that Section 9.4 introduces an alternative method, based on
a large deviation argument, to get rid of the bad constant n°® in an L! framework.

Theorem 1 (Convergence of the correlation functions). For some sets A5, C D" whose measure goes

to 0 with e, there exists a constant cg depending only on the temperature and the dimension such
that, for any a € (0,3/4), as long as

t < (logleg loga\)%_a and X < |logelt™, (4.1)

and for € small enough, one has the following convergence rate of the correlation functions to the
linear Rayleigh—Boltzmann solutions in our mized low density scaling (S- . \), for a constant ¢ > 0;

| — ME" 0% | Lo (o, x DAz ) < " exp (—CB’ 1Og€\1_a> :

99
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3
The notation ¢ < (log |cgloge|)* ™ means that, for a good constant ¢ > 0 depending only on the
dimension d and the inverse temperature (3, one has

t < c(log|cglog 5|)%_a

The proof of this theorem is the subject of Sections 4.2 to 4.8. It is close to the proof presented
n [31], but in the mixed grand canonical framework and for all the correlation functions instead of
the first marginal only.

This theorem provides a first corollary on the statistical behaviour of the gas. Recall the defini-
tions (2.21) of the empirical measures

along with its tagged version

- 1
#LH) = 5 LRI
=1
Thanks to Theorem 1, one can deduce the convergence of these empirical measures, hence providing
a law of large numbers for the hard sphere dynamics. This result is given in the space L? of square-

integrable random variables, embedded with the norm E [| . |2}

Corollary 4.1.1 (Law of large numbers for the dynamics). The empirical measures converge as
random variables in L2, the non-tagged particles towards an equilibrium state, and the tagged ones
to a state described by the linear Rayleigh—Boltzmann equation (2.13), in the following way

ns[H) 2 / Mj(v)H (=, 0)dz, (4.2)
and
Ae[H) 25 / Mjs(0)p(t, 2)H(z, 1)dz. (4.3)

Proof. To show that the random variable 7 [H] converges in L? to a deterministic limit a € R, writing
i [H] — a = m;[H] = E[m{ [H]] + E[r; [H]] — a,
it is enough to show that E[r}[H]] —eandE Uwf[H] — E[r{[H]] ﬂ —7 0. Using formula (2.19),
e e—
one can write

A
[ ZH Zyw ] /F1 t,21,0)H(21,0)dz; + M/Ff(t, z1,1)H (21, 1)dz,

so that the expectancies converge by Theorem 1 above. For concision, we show the fact that the
variance vanishes in the tagged case, denoting h = H(-,1). The equilibrium case is treated in a
similar though simpler way. Let us compute, once again by formula (2.19),
2
+ ( / Ff(l)h)

E || - E[#[H] ] = [thm (z1%) —2 l n(z!%) /F1

J=1

:/Ff(l,l)h@-i-l/Ff(l _2(/F1 ) +</Ff(1)h>2

—— M ¢®2+0—</M5g0> =0,

e—0

thanks to the convergence of the correlation functions (Theorem 1). The other convergence (4.2)

follows similarly in our scaling (S: , ), using the fact that — goes to 0. O
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4.2 Pseudo-trajectories and strategy of proof

A
We denote p,, = — the fraction of initially perturbed particles, so that iterating Duhamel formula as

in [34] or [9], we can write the Dyson expansion

=3 % Qi () Fe i (0), (4.4)

k>0 £5. ey,
developing the choice of the encountered tags £; = (EHH, e ,E,Hk), with the successive-collision
operators defined as
. ; 7,
Qn: (1) = On(t — t1)CT T Opp1(ty — ta) ... C,l 5 1 Oy (ti) dty, (4.5)

Ty (1)

where ©,,(7) denotes the transport semi-group operator in D;, with specular reflections, for a time 7.
The collision times are integrated over

Tk(t)i{tk‘Oitk+1§tk§--~§t1§toit}. (4.6)

The main idea of the proof, coming from Lanford’s original paper [45], is to use a coupling between
this expansion and its limit version, implying imaginary histories of the particles, among those that
eventually lead to the state z,, at time ¢. These histories, called pseudo-trajectories, are non-physical
trajectories that—in a way—allow to extend the method of characteristics for the successive-collision
operators.

Indeed, the transport operators appearing in (4.5) correspond to following the characteristics
of free transport, with specular reflections: taking the first operator ©,(t — t1) of a functional is
equivalent to considering this functional at time ¢;, in a state z[ 1] given by the backwards hard
sphere dynamics.

Then, the first collision operator (2.26) writes

51
CoFr = Z > 51/dwldvn+1 W1, Vng1 — 0 Fo gy (28, Ly, i + s1ewr, v, 0),
1=1s1==%1

where z<+1> =z and gﬁb_w = z,, scattered for the gain term, and let unchanged for the loss term, so

that the collision is always incoming, allowing to pursue the backwards method of characteristics with
the next transport operator. Hence, for given collision parameters (7, s1, w1, vnt1), this operator can
be seen as a weighted adjunction of a particle to the characteristics—or pseudo-trajectory—which
scatters (or not, according to s1) with particle 7, creating a new state z[ 1] = (g%l], T; + S1€W1, v,<15+1>1)
The integration and sum over these collision parameters will yield an 1ntegral over pseudo-trajectories.

Iterating this extended method of characteristics and tracking the pseudo-trajectories (z L _gj) thus
[0]

constructed, we bring the analysis back to the value of the functional at time 7 = 0, in the state 2z, ;..

We will have to record the numbering labels of the existing particles meeting the new ones, the
velocities of the particles that spring up, the angles at which the encounters happen, and whether
they scatter or not. The pseudo-trajectories will also keep track of the tags of the encountered
particles.

Here is precisely how we construct the pseudo-trajectories. The choice of the successive encoun-
tered tags is registered in £; = (fni1,...,0nsk), and expanding all the sums in all the collision
operators (4.5), we can sum them up to the history (mj,...,m) of which particle encountered the
(n + i)-th new one. These particles naturally belong to the following set

Mn,ki{(ml,...,mk)‘Vigk,mi§n+i—1}.
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We consider the scattering labels (s1, ..., s;) € {£1}*. The fact that some encounters do not scatter,
along with the fact that some particles are artificially added, is why the pseudo-trajectories are not
physical trajectories. Once the total history

Xk = (0, £y 51) € e = My X Mg x {£1}" (4.7)
is fixed, for given collision parameters (wy, Vp41,-- -, Unik), We can construct the pseudo-trajectories
[0]

for every endstate z,, = g[ I, backwards in time to an initial configuration z,,,,,, following the inductive
procedure below:

gﬁf] =

£n

Vi€ [0,k], VT € (tit1,ti), [T]i follows (backwards) the physical hard sphere dynamics (4.8)

vie 1 k], 21, = (ZLZ]Z 8 s + i, 0l >1>

One may observe that the change of velocities in the last step is automatic by the hard sphere
dynamics’ boundary condition, but it will not be for the limit version of pseudo-trajectories, since
the limit particles are formally pointwise. In the end, one can write the pseudo-trajectory formulation
of the Dyson expansion

12
ZZp‘ d dtk/dwkdvnﬂ cdvg g l_IsZ Wiy Vptg — v%l]>+F5+k(O,zLLk,£n+k) (4.9)
k>0 Xg i=1

A small technical detail lies in the fact that the added particles must satisfy the exclusion condition.
A way to deal with it may be to impose a condition on the domain of integration of the collision
angles [12], yet here to simplify we merely change the definition of the pseudo-trajectories: if at any
moment the exclusion condition is violated by the adjunction of a particle, then the trajectories are
frozen in this state until time 7 = 0, so that the integral formally vanishes thanks to the initial
distribution Fj; ,,(0) being 0 outside of D, .

Figure 4.1 pictures the backwards contruction of a pseudo-trajectory, in one dimension, for a given
history ms = (1, 1,2) with scattering labels s3 = (+1,+1, —1). One can observe a recollision between
times 7 = 0 and t3, due to the hard sphere flow. A paramount stake in the following study will be
to avoid these recollisions, since as one will see, they are absent from the limit pseudo-trajectories
defined below.

Our goal is now to prove the convergence of the correlation functions to the limit densities

Gnlts zn, Ly) = ME™ (v, )% (t, 2 ),

y&Zns &n L,

where ¢ is the solution of the linear Rayleigh-Boltzmann equation (2.13). Because of the structure
of this equation, this family satisfies the following hierarchy

(Or+v-Vy) Z Z sc/dwdvn+1 W, Ung1 — Vi)t Grg1 (2559, 0, a5, ffﬁl,O) (4.10)
i=1 sc==%1

noticing that the terms vanish when the scattering occur between two particles distributed according
to the equilibrium M g)". This equation is the formal limit of the BBGKY hierarchy (2.25) in the
mixed low density regime (S, ): it makes only appear the collision operator linked to equilibrum
particles, tagged 0, since the other one has a factor A\/u that vanishes at the limit. It leads to the
following limit version of the Dyson expansion (4.4)

Gult) = Y QU (1G14(0), (411)

k=0
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Backwards construction

: I : v
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Figure 4.1: Backwards construction of a 1D-pseudo-trajectory

where the following successive-collision operators contain only collisions with particles at equilibrium,
and limit free transport of pointwise particles, without scattering:

li (1) = /T o Ot = ICPOR (1~ 1) e el (1) dty.. (4.12)
k

nka

The limit collision operators C7<l0>’hm are the formal limit of the collision operators (2.26), for £ = 0.
The same computation as below for this limit hierarchy leads to a similar writing in terms of pseudo-
trajectories

k + ~
" diy, /d@kdvn+l oo dvpgg [ ] silwis vngi — U7[f'bii]>+Gn+k (O,Qﬂk, Lovk),

=1

Cult) =3 Y gm0,

k>0 X T
(4.13)

where the limit pseudo-trajectories (ggiz)lgk are defined as their hard sphere versions (4.8) for ¢ = 0,
with the noticeable difference that in the dynamics followed on each time interval (t;11,%;), the
particles are pointwise and hence follow the free flow without any scattering.

Strategy of proof We will couple both pseudo-trajectory formulations (4.9) and (4.13), bringing
down the difference at a certain time (F); — G,)(t,z,) to the difference at time 0 of higher corre-

lation functions [FS (0, §£?lrk) — Gnyx(0,¢ L?Jrk)} For these hierarchies to be well coupled, the two
pseudo-trajectories must be close; the classical argument is to show that the transport operators Oy,
appearing between the collision operators, do not imply additional recollisions, since the trajecto-
ries would diverge from the limit transport operator @};m, defined on the whole space DF without
recollisions.

Indeed with this method, it will be enough to use continuity estimates on the operators to
bring the convergence back to time 7 = 0 where we can use explicit initial proximity. Nevertheless,
these continuity estimates demand to work with trajectories that do not contain too many particles,
so that we will first compute a tree pruning, and control the pruned-out term using some a priori
estimates on the densities. The last step before proving the convergence will be to discard the
pseudo-trajectories in which some perturbed particles are encountered, as this situation does not

happen in the limit pseudo-trajectories. This strategy will be followed in the following sections.
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4.3 Initial proximity

The total kinetic energy, preserved at fixed number of particles by the transport and by elastic

collisions, will be denoted
k

logll* = > Juil?,

i=1
where |v;| is the Euclidean norm of the velocity v; € R of particle i. For an inverse temperature 3 > 0

and k € N*, we consider the space Fj, g of measurable functions defined almost everywhere on the
domain DF such that

[l = supess| i) exp(Blluel )] < . (1.14)
2k

hence decreasing at least as the Gaussian equilibrium Mg%k in velocities. We denote

MM o (4.15)

Lw(D)] '

The initial error between the microscopic densities and the limit ones is mainly due to the exclusion
condition, of which we can compute an explicit control.

Cy = max [HMQHLg/z s [[Maepolly B/4 5

Proposition 4.3.1 (Initial proximity). For all n € N and tags £,, € An, for any A\, > 0 in the
scaling (S: ), one has

“ﬂxﬁMg)"go?g" - 1[?,5(0,@1)“”,5/4 < e (4.16)

Proof of the proposition. We denote 1;1; = Ly, 2;)>e and Linj = Ly, +,)<e the indicator of exclusion
between ¢ and j and its complementary. Recalling that 1y denotes the exclusion condition (2.1) and

= (b, ):

by definition (2.17) of the partition function Z,, we can write, once again denoting l nr &y

=n-+p —
®L
]ngMg%‘Po o= F(0)

- = 25| P €] ® ®5 ®L, 2 @p ®Lrip 2 r@NAD
=7 ' E A P e Mg %) /gpo Mgty — (g TP Mg T Ly xe
npz0 P en,

Expanding the marginals’ formula (2.15), the following term appears, in which we decompose the

exclusion indicator 1 xe, as
n-rp

®L, Ly 2 r® ®L, Qn+
]IXEM nSOO /900 pM,ep]lX; _/900 +pM5n p]l?fﬁﬂdé;

®Y * ok

= L Mg oy " /(Mﬁ%) *’(f’«'e*)]lé’ff - II 1. s | dZpVp,s
1<i<n
1<j<p

using that Mp is of integral 1. Then, we will harness the following basic set property,

]lacméx’f < Z ]lxiwx’ﬁ
H J J

1<i<n 1<i<n
1<j<p 1<j<p
yielding
O A6 1P 451
®€ HXEM =P ®0*
L M5 — F3(0)] < B s 2 A 1 Lyl
2y p>0L5€N, 1<i<n

1<i<p
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To be able to integrate over 7}, we denote E( 7) = (0, 1,011, -, £,) the vector of all tags apart

from j. Using the definition (4.15) of Cy and summing over {7, we get

n7/8
©) ©)
e DY pu—,p()\COJFM) /(Mﬁtpo) = Laely;
B p>0 1<i<n 50) p: I
1<j<p bo ot

cn )\|§;,1"up—1—|§;71‘ e d o
<Dym ¥ 2l e [ (M)

using the exchangeability of identical particles, integrating over :L“;k and using the fact that CoA < p.
We get in the mixed low density scaling (S: )

on ®Z . de1 )\|§;71‘ p—1— |'€p 1 Q0"
[z M§ o5 = Fi(0)]| < 2Is |g 0,y ¥ : /(M6<PO) orlye
.8 = p>1e5 €Ny (p—1)

which concludes the proof recognizing the partition function Z, (2.17) after an index shift. U

4.4 A priori estimates

As in the previous works [9, 31] about the Rayleigh gas, the long-time derivation is allowed thanks to
a priori estimates yielded by the rigid structure of the equilibrium. Here, some additional technical
difficulties, dealt with in Section 5.4, appear in the proof of these estimates because of the structure of
the grand canonical mixture and its partition function. First, let us observe that the initial canonical
densities defined in (2.14) satisfy for all (z,,,£,) € D" x A, that

1€, |

1€, ] =18
AlEnlp 6/2( W) s (z,). (4.17)

W0, 2, £,,) < Z
o

sy &Znytn

_1

Since their evolution is simply given by the global transport of n particles, by which the equilib-
rium M 5 /2]1 x¢ is invariant, for all times ¢ > 0 the bound (4.17) is propagated by the transport and
remains true. Hence, taking the marginals we get

()\CO)|£k|+‘£27k|un_|£k|_‘£27k|
ZN

Wbz, 0) <Y M () (L) ™ (a0)

Z* kGAn k

ot (ACo) el b= Ibl oy

k
< (ACO—F,U) ZM MB/Q(Uk)ﬂgvé(Ek),

where the factor (ACp + p)" ¥ stems from the sum over £ _,, using the binomial theorem. The
main difference in the linear case, compared to the general non-linear one, is that the bound (4.17)
on the canonical densities uses the invariant density M ; /2, that passes to the k-th marginals to
become Mgg, contrary to the constant C in the general case.

Eventually, these bounds over the marginals of the canonical densities leaves the following a priori
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estimate for the correlation functions

Fi(t, 2y, 4,) <

dn _
M5/2 Z )\C() + ,u) ()\C())'ﬁnlun 1£,,] ﬂ(n)

=1L ] z, Tty

Lnl Xn
Co"'M P
B/2 ()\Co + M)
< E /]1;\.’;

- 2, 250 p!
‘ | Xn
cim' M (ACo)
<L P v ? : / (4.18)
Z, qT>0 Ir!

where at line (4.18) we computed a direct binomial theorem. The key point to end our a priori
estimate is now to control the remaining quotient implying the partition function Z,, and the slightly
modified version of it, which is the following proposition.

Proposition 4.4.1. There exists a constant Cyq depending only on the dimension such that for p
large enough, in our mized Boltzmann-Grad scaling (S ,.»), we have

q
z Z ) M /ﬂXqE+r SCS’O)\'

ll
p’qr>0 s

The proof of this technical result is given in Section 5.4, using an explicit expansion of the
partition function according to the cumulants of the exclusion. Eventually, this leads to the following
proposition, which is the main argument of our long time analysis.

Proposition 4.4.2 (A priori estimates for the correlation functions). For any n € N and € > 0 in
the mized scaling (Se ,,\), one has

F(t, 2 ,) < Cyn MG x OO, (4.19)

4.5 Continuity estimates

Thanks to the a priori estimates (4.19) given in the previous Section 4.4, all the correlation func-
tions (F},) extended by 0 out of Dj, belong to the space F,, 3/4 defined in (4.14).

In the following, up to change the initial temperature § to 43, to simplify the notation in the
computation below we will assume that they belong to the space F,, g, with

sup [I£()lln.s < Cgoe, (4.20)

=

thanks to the estimates above, and similarly for the initial proximity, from Proposition 4.3.1,
|[1g 2505 - Fg(o,gn)H , < Cie (4.21)
n7

Our whole long time derivation is allowed thanks to the fact that the a priori bounds (4.20)
are valid for every time with the same inverse temperature 5. Indeed, in the non-linear case, this
parameter is downgraded over time until vanishing in finite time [34, Section 5].

Technically, the downgrading of this norm parameter stems from the fact that to control the
collision operators, the sum over the velocities is resorbed thanks to a fraction of the sub-Gaussian
decreasing, eventually providing the following continuity estimates.
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Proposition 4.5.1 (Continuity of the successive-collision operators).
There exists a constant Cq depending only on the dimension such that for all n,s € N*, and all
times t > 0, firing tags £, € Ay, and choosing two inverse temperature 3 < 3, we have

fn+5 S .FnJrs’ﬁ = ngS (t)fn+5 S fnﬁ/, with

) o\’ (4.22)
, = <e T ||fn+3||n+5,[3-
n,B )

|@ne, (O fass
R

The proof of this proposition is written in [31], adapted from the article by Bodineau, Gallagher
and Saint-Raymond [9].

Proof. First of all, let us observe that the transport operators preserve all of the weighted norms
(II'- lln,8),, g, since the weight depends only on the kinetic energy of the system. In the following, we
fix the tags £, and omit to write them, as they do not change the bounds on the collision operators.

Recall the definition (4.5) of the successive-collision operators. Then, for j < N, let us compute
for fj11 € Fj+1,3, making appear its || - ||j41,8 norm,

j
‘@j(_T)Cj@j—&-l(T)fj—&-l‘ < |©;(-7) Z/w (Vi1 = v:)0541(7) fiv1(z), v + ew, vj1)dwdvjyg

< Z / (el + oD frea 1,6 xp [~Blloy1]12] dwduy

j+1

|Sd 1| ||f]+1H]+1BZ/ (Jvjs1] + [vil) exp [ ,BZ vk ] dvjt1.

The latter integrals may be written explicitly, up to constants depending only on the dimension d,
1
after a radial change of variable and a dilation by 8~ 2,

Jj+1

vzl +10iD exp{ 5zrvkr]dvj+1 Ca [+ exp{ BZ!%!Q
= Caexp[~Blly; ] (cd\/ﬁ—<d+l> Hluleay/51) . (429

This way, applying this to f,1s, summing (4.23) over i and accepting to downgrade by (8 — 3')/s
the considered norm so as to later resorb the factors |v;|, we get that

_ _ 2
ré=le=Ar"qr

H @n+8—1 (_tS)Cn+S—1®n+s (ts)fn—i-s

(4.24)
nts—1,6—(5—F')/s

< Cy ((n—l—s—l \/B (d+1) +\/5 dn+8 1\w|> exp [—

= 1

va_ln?} 1 futsllnto.s:

But using the Cauchy-Schwarz inequality and the fact that ze™® < e~ ! for any = > 0, we have

R - +s—1\2( B-f P e, e
(5 ) e[ 25278 ] < (G 57) (75 )

=1 k=1

(
(n+s)
< NN (4.25)
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so that (4.24) yields
< C’d(n + 8)
nts—1,8-(8-8)/s ~ B5\/F—

To retrieve Q¢ (t), we have to iterate this calculus s times, downgrading the norm parameter by
(B — 3')/s at each step. In the end, we get

H 9n—&-s—l (_ts)cn+s—1®n+s (ts)fn—i—s ”fn-l—s HnJrs,B-

S
|@ue,®farsl| < (cd<n+s> B‘d(ﬁ—ﬁ’)‘1> / dty - dtsl|fursllnrs,s
n,3 0<ts<--<t1<t
7 S tS
< (Ca/3 8= )71) (5" 5 Itlurs
S
< (Cd\/ /B_d(/B - ﬁ/)_l) €n+s t* an—l—s”nJrs,,B )
where the factor s! comes from the imposed order of collision times t; < --- < t1, and allows to
control the term (n 4 s)°, concluding the proof. O

4.6 Adaptive tree pruning of the Dyson expansion for long times

The continuity estimates presented in the previous section justify the wellposedness of the Dyson
series (4.4) for short times. To perform a derivation for long times, we will iterate the Dyson series,
but each iteration will make appear a factor e stemming from the estimate of Proposition 4.5.1.
These factors stack, so that, without further adjustment, at each iteration the successive times would
decrease extremely fast and their sum would eventually be summable, leaving the derivation on a
finite short time (see Section 9.2 for details). The method we use here, introduced in [9], consists
in putting aside these stacking factors ¢" and to control them by bounding the number of collisions
appearing in the Dyson series.

More precisely, for a fixed time ¢ > 1 we will split the time interval [0, ¢] into K pieces and impose
a piece-dependent amount of collisions on each small interval of this cutting. The number K will be
tuned in the end of the proof, and henceforth we write

K k
t = h;, with time steps t} =¢— > h;, (4.26)
i=1 j=1

so that th, = 0. Like in [31], and contrary to [9], we will not choose a uniform cutting, but an adaptive
one. At the k-th time quantum of length hj, we want at most 2F collisions to have happened; we
prune the collision tree every time it becomes more than exponentially big. Explicitly, between ¢ and
tY =t — hy, we first truncate the Dyson series (4.4) to 2 collisions, then expand it again between
t — hy and t — hs truncated to 22 collisions, and iterate this process K times.

i, he o hs ha hs he hr

\ 7

t 0

Figure 4.2: Backwards division of the time interval under study

We denote the step number of added tagged particles and the step total number of particles

k
Ly =Y |6, and Ny =n+ji1+-+ji (4.27)
=1
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This yields, similarly as in [9, 31], the following pruned expansion
Fi = 3 5 Qug (M) Quyg,, (hi)FR, (0) + RET(0) (4.28)
(J1<2 )
L5 €Ny, i<k

where the remainder is defined as

K
K t) = Z Z ngl (hl) e QNk_27£;k—1 (hkfl) Z Z pﬁkQNk—hE}fk (hk)F]i[k (tz)
k=1 Gi<2 k>28 05, €Ay
(Z* €A ]1)z<k 1
(4.29)
Based on the limit expansion (4.11), one can write the same decomposition for the limit fam-

ily (Gp)n>o0:
Gn(t) = > 213 [(h1) .. Q%Ii,l,g‘jK(hK)GNK(U)+RLK]’hm(t)- (4.30)

(3i<2Y) 1 cic i

Let us denote Gp(t) = Gn(t) — RIEVI™ (4) the limit pruned expansion. Since the chosen condition
of a sub-exponential number of collisions is very restrictive at first, and then gradually relaxed, the
adaptive cutting times are chosen small at first and then progressively bigger (see Fig. 4.2). Figure 4.3
pictures why one talks about pruning trees: one could think of the procedure as removing exceeding
collisions in the trees drawn by the pseudo-trajectories, yet formally we rather discard entirely the
pseudo-trajectories containing too many collisions. The bound on the pruned-out remainder is given
in the following proposition.

‘\ AN tg — 0
hs3
AN tIQ)
ha
~ tllg
hll
-1

Figure 4.3: Pruning out the collisions exceeding the maximal amount (dotted in red) on each interval

Proposition 4.6.1 (Estimate of the pruned-out term). With the previous notation, for any choice
of power a € (0,3/4), and K large enough satisfying t < K%_a, a good choice of time cutting

h=(hy,...,hK)
provides the following estimate

[REO] e gy + [0y < e (4:31)
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Note that this estimate imposes a technical condition on the mixed scaling of A and K for the
error to be small; we will tune this scaling in Section 4.8. The factor n“* stems from the fact that
we generalize the result to all the correlation functions, and not only the first one. Indeed, one will
see that this factor is due to the usual bound C" stacking at each iteration of the cutting.

Proof. The proof is very similar to the one found in [31]. We give it for the hard sphere version, since
the limit version is identical. Using the a priori estimates (4.19) on the densities and the continuity
estimate on successive-collision operators given in Proposition 4.5.1, at given (ﬁ;)igk—l one has for
every k € [1, K]

S Y i Qu e ()FR () con Y 3 e (L2 g
Pu &N g5, Utk ) E Ny (U, € o Bld+1)/2 Nk(’f)HNk,/j

Jk>2R 6 €Ny Ni_1.8/2 Ji>2k 65 €Ny

Jk
S €Nk71 Z Z pﬁk (ﬁcdhk> CNkCco)\.

. 5(d+1)/2
jk>2k gjk EAjk

For y large enough in the scaling (S 1), we have p, <1, so that the sum over £; € Aj, only gives
a factor 2VF that can be resorbed in the term C™V*. We then iterate Proposition 4.5.1, downgrading
the parameter 5/2 by [3/(4k) at each step, so that it remains greater than 3/4. Hence we can write,
grouping CN#*-1 and all the appearing terms of the form e together as a power of a constant C,
that

Qn&;*l(hl)‘--QNk_z,ﬁ;fk_l(hkfl) Z Z pﬁkQNk_l,ﬁj*-k(hk)FNk(tg) (4.32)
e >28 £ €0y n,B/4
- d+1 J1 d+1 Jk—1 Jk
< QNG N ((4> ’ \/Ecdm) ((4> ’ x/szth“) 3 <\/§thk> -
7 E =\

We now observe, on the one hand, that recalling notation (4.27) for N; and since for i < k — 1,
ji < 2%, we have Z;:ol N; < nk 4+ 2kt On the other hand, we can also put aside from the sum the
following factors

k—1 .
d+1 Zi:() Ji
4 2 1_a A gl _qn\2k
— 2k1™Cy < (Cﬁk”l )<
B
This computation is what allows us to gain a power % on the time scaling that we imposed in

Theorem 1, compared to [31]. Indeed, in the following, the computation above harnesses the full
power decay of the last time interval hy, whereas some of it was lost in [31]. In the end, for a possibly
larger constant C' depending on d and [, we get

2k—1

K 2
S OO ORI YT YT (k)T (kT Ry Y S (Ol
k=1

J1=0  Jr—1=0 Jrp>2k

o],

Eventually, we consider similarly as in [31], for all 1 <i < K,

_o(K—K17%—)

P — < , (4.33)
2Kite 2K 1T

and renormalize them such that
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3_ .
Indeed, as soon as t < K172% we can write

1K ET

=S hi> = hr—j
t £ t L
=1 7=0

LK) 4

1 e
23 2 Lzt
=0 2K 1

Now, the time interval lengths (h;)i1<i<x cover t as imposed by (4.26), and their choice provides,

X

summing the geometric series over (j;)1<i<rk,

tx

K ) 6_2K7K1_°‘7k Ik
. s E et = (<000
k=1

Ji>2% 2K AT

K 1 N2 [ _grerimap\ 2
SCC())\ZCTL]C (CK4 ) (e 2 g ) .

1
k=1 Kite

Observe now that there exists a constant ¢ such that (k > c¢logn) = (nk < 2F), so that in this case

the factor C™ is absorbed by C2k, and for k < clogn, then C™F < genlosn — n(c1ogC)n - Now, the
1 1

denominator K11* crushes the term CKi1~* for K large enough and we end up with

2K7K1_O‘

HR%K] (t) HILOO < CCorGmlogn g~

This completes the proof of Proposition 4.6.1. O

4.7 Discarding trajectories implying several labelled particles

Since the limit pseudo-trajectories defined from the limit hierarchy (4.13) only imply collisions with
particles at equilibrium (which are in wide majority), we must get rid of the ones including collisions
with perturbed tagged particles. We hence write our pruned expansion as

> P Qugs, (M) - Quye ez, (hic) Fiv (0)

( Ji<2? )
* .
G€05) e

K
= Y Quo, (M)...Qni 0, (hx)F5, (0) (4.34)
(ji<21)1gig1<
K
+ 2D D PR Que, (M) Qn e, (hE)FR(0), (4.35)
(i<2?) k=1 (ﬁ;i)igx
4,795,

= By () + Fpve (1),

where we denote F(t) the main term (4.34) containing only collisions with equilibrium, and F£™ (¢)
the one implying unwanted encounters (4.35). We bound the latter in the following proposition.

Proposition 4.7.1 (Encountering tagged particles is rare). As long as
< 1
Pu = 9K’

in the same time setting as in Proposition 4.0.1, the unwanted pseudotrajectories implying tagged

particles are bounded by .
1E ™ () e pay < C™FAT . (4.36)
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The reader may think of the factor A" as a small negative power of € in the final scaling, which
we will compute in the following Section 4.8: the scaling proportion p, will have to compensate it.

Proof of the proposition. A computation directly adapted from the initial proximity bound (4.21)
leads to the estimate

|Frc 0.2, < (@)™,

so that, using the binomial identity
[%

> p =1+

Eji €A,

and the same continuity estimates on the successive-collision operators as in the proof of Proposi-
tion 4.6.1, one has

K i
e . 1, . 1 Ji
|5 ()l oy < CM(CK T S S (1 +pa) — 1) (2)

(ji<2V)ic i k=1 i=1
Notice on the one hand that
(C’Ki_a)y{ = exp {2K log(C'K%_o‘)}
< exp (AK)

for any A > 2 as long as K is large enough (depending on A). On the other hand, using j; < 2F and
taking p, < 27K < 27% we have by convexity on [0,27*] that

(1 +pu)jk -1<(1 +pu)2k -1
< (e— 1)2kpu,

so that eventually

K K i
e K+AK k L\”
B ot < (e~ D x K5 3003 T (5)
k=1 (ji<2%),ck =1

for another constant C' absorbing the factor (e — 1)25+! x 2K concluding the proof. O

4.8 Proof of the convergence

Now that the pruned-out terms have been controlled, we want to compare the pruned terms J?’Tf(t)
and G, (t), which is the last step before our choice of scaling for K and the conclusion of Theo-
rem 1. As explained in Section 4.2, our strategy relies on considering pseudo-trajectories without
recollisions. This method is an adaptation of [9, Section 5] which is now classical; it follows from
several approximations: an energy truncation and a time separation of the collisions are operated,
so as to be able to construct a small set of bad collision parameters, outside of which there will be
no recollision.

This time separation method does not yield the best quantitative estimates, but in our study
in long time the worst error is made with the pruned-out terms, so that here we use this method
anyway. This allows concision on the one hand, and on the other hand one can thus compare it with
the optimized method presented in Chapter 8.
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Like in [31], we still refine the quantitative bounds using the same control on

Qngs (h1) - Qg g5 (i)

nK+AK

as in Propositions 4.6.1 and 4.7.1, which induces our factor Cj , instead of the original crude

bound with |Q|1 s, (t), which gave a factor (Ct)QK (see [9]). From a physical perspective, we de-
compose the time interval into small pieces whose lengths are adapted to the maximum number of
particles that may appear in them, so that the dynamics behaves similarly during each one of them.
Hence, as long as time does not get too big with respect to the number of pieces, none of the estimates
depends on the total time length.

Pseudo-trajectory formulation First of all, let us notice that the pruned expansion (4.28) has a
pseudo-trajectory formulation similar to the original one (4.9), summing over the successive numbers
of collisions (j; < 2i)l-§ i, with the following additional condition on the collision times, located
between the time steps (4.26):

tJK S TlK(t) = {(t17"'7tJK) € TJK(t) ) {th-‘rla"' 7th+1} - [t£+17t£]}7

where Jgy = Nx —n = j1 + -+ + jx denotes the step number of collisions. As announced above,
we start by computing a few approximations, initiated by an energy truncation, so as to work with
bounded velocities.

Energy truncation We hence consider the following functionals with truncated energy

JK

+
FolVl) = / dt s, /de dvp41 ... dong H si{wi, Ui — U7[,t“])+ (4.37)
i XJK i=1

K Lg=0

e (0]
X FNK (O’éNk)]l M) H2<V2’

and similarly the truncated limit functions CA;'LV I, The error made by truncating the velocities is

2 )
Al

ﬁg() FE [V Z QnO“ hl) QNK—LQ- (hK)

IK
(7:<27)

Fy,.(0)1 ‘

with the following estimate on the initial functional on the right:

0 7 = :
FEK(()?ZE\AK’ENK)]I‘U[O] 2>V2 < SUPdN F]%K(O)eﬁ’HyNKH € 2||2NK|| 1”21\1 || >V2‘
Nl T e g e ST "
<|F @, eV

Ng,B

Hence, applying the same bounds as in Propositions 4.6.1 and 4.7.1 in the same setting, we end up
with the following lemma.

Lemma 4.8.1 (Energy truncation error). The error due to the energy truncation is bounded by
IF5(0) - MOl < O exp (=52 (4.39)

The same holds for its limit version G, (t) — GIV)(t).
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Time separation We now need the successive collisions to be separated enough in time, to avoid
pathological geometric recollisions. Like in the previous section, let us define

+
FE V‘S Z Z /5] dtJK/de dvgq .. dUNKHSz wl,vnﬂ—w[nl]ﬂ (4.39)
I
L
< [0]
X FNK (0,&]\7}()1 EE\O]] 2<V2,

with the separation condition encoded in the following time set, over which we integrate,

(1) ={te T ()t —ti > 5}. (4.40)

Ik
The limit version CAJ[nV 9 is defined by the same time restriction. The error of time separation is

FelV] _ pelvial - / ) ., / dwy, dvnss ... doy,
X XJK

K Lg=0

2 0
x H5i<wi,v£n2-] = Unyi) 4 X Fiyye (0,;9\,11()]1 0] |]” cy2’
: QNKH <V

where one can write
(T“ ) D {t €T; (1), ti—tin < 5}. (4.41)

Now, the integral in time over one of these sets, using the same method as before, changes the
Bk 5 h]zrl

estimate of the corresponding successive-collision operator from —k' to ﬁ Since the loss of ZL—:
Jk: Je— 1)

and the factor (Jxg — 1) coming from the union (4.41) easily resorb into the bigger factor C’AK, we

get in the end the following lemma.

Lemma 4.8.2 (Time separation error). For this error, we have the following estimate
|EoV] — eVl o < onE+AS s, (4.42)

Once again, the same holds for its limit version CA}LV} — GLY"S] for similar reasons.

Restriction to non-pathological collision parameters Finally, at fixed ¢, we have to restrict
the collision parameters to non-pathological configurations, leading to no recollision during the trans-
port flow. Figure 4.4 illustrates, in a cartoonish way, how choosing wisely the collision angle and
velocity of the collision on the right of the figure can allow to avoid the cone of outgoing velocities that
would lead to a recollision of both particles. First, to compute the convergence of the n-th marginal,
we have to consider final configurations z,, = ;Lﬂ that do not directly lead to recollisions,di.e. that

belong to the following set of past-excluding configurations, with some extra room g4 = ed+1:

Eh(ea) = {2, € D;

vr € (0,4, (2, — Tv,) € Dit}. (4.43)

This set is the whole domain for n = 1, like in [9, 31]. Then, the restriction on the collision parameters
is done based on the following geometric result, proved in [34, 9] and formalizing the arguments of
Lanford [45], based on billiards theory.
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Figure 4.4: Identifying collision parameters leading to recollisions

Similarly to the notation gLT e (g,[{ ],QLT ]) for the hard sphere pseudo-trajectories, let us de-
note QZT] = (QLT}, QLT ]) the limit pseudo-trajectories, and N[r| the number of particles in the trajectory
at time 7 € [0,¢], from N[t] = n to N[0] = Ng. Hence, the following lemma asserts that once the
previous truncations computed, choosing collision parameters away from a set of small measure, the
hard sphere and limit pseudo-trajectories are easy to compare. The proof of this lemma relies on
similar geometric estimates as one can find in Chapter 8, in which we perform a similar study for

different objects.

Lemma 4.8.3. Considering a history (j,., X, ) with collision times t;, € Tl[i (t) (0-separated) and

a final configuration gg], given a mazimum energy V2 > 0, there exists a set of pathological collision
parameters

(2l j e X0 ) © (8971 x RY)T

with small volume

_d_\ T2
d d—1 d+1
(Y, j 0 x0,0)| < CINg | €72 + Vx50 + VS (5 5 ) : (4.44)
and such that, assuming
i. the collision parameters are non-pathological: (W, ,Vnt1,.-.,VNg) & H(Z%];ZK7XJK)

ii. the energy of the corresponding pseudo-trajectory remains bounded: HQE?[]K]P <V?

1. the final configuration is past-excluding for the free-flow: Q[f] € & (eq),

then
1. the hard sphere pseudo-positions remain sufficiently far away: V1 € [0, ], g%]m € Di?[/f]
2. the velocities of the hard sphere and limit trajectories coincide: Y1 € [0, ], QE\T[]M = @E\T[}[T]

3. the positions of both trajectories remain close: V1 € [0,t],Vi < N|[7], d(xZ[T],yZ[T]) < Jke.
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Let us observe that 3. is a consequence of 2. since, when the velocities coincide, the only difference
between the positions is the shift of ew; that happens at each particle adjunction. Furthermore, 2.
is a consequence of 1. since when the collision parameters are the same, and if the particles do
not collide between the particle adjunctions, the velocities of both pseudo-trajectories are identically
determined. This result has been proved [34, 9] for a one-species gas, but the dynamics is strictly
identical for our mixture gas.

Hence, we consider the following functional restricted to non-pathological collision parameters

F57[V75] (t) = Z Z /[5] dLJK/ - dwy, dvpyr ... dong (4.45)
j X T (1) (zn QKQ(JK)C
K Lg=0 =
JK N
t)
X H8¢<wi,vn+i*7)7[ﬁi}>+ XF]?/K(OvEE(\)f}K)]l o 17 <9’

. .. . ~IV.S =~ 5 = 51 - .
and its limit version GLV’ I. Now, the error F,f’[v’ - Fﬁ’[v’ I'is supported on H(g%],lK,XJK), so that
we will use the control on its volume (4.44) to control the successive-collision operators, concluding
the bounds with the usual computation. More precisely, in the proof [31] of Proposition 4.5.1, we
bound the collision operators (2.26) in the following way:

J

2 _ (R _ 2R3y 2

Al | \CffjH] < Z/d%dvjﬂ (0701 — vi] - | fjilljar s x e @ DlelP=Flesl
=1

J

. _ (R _ N2_3"]q. 2

S Hfj+1Hj+1,B’/dedvj+1 (] ”Uj+1’ +Z"UZ|> e (8 /B)HQJH B |’UJ+1| i
=1

By the Cauchy-Schwarz inequality, we used to bound, like at lign (4.25),

12 . ] B s 412
el ‘Cffj—&-l‘ < [ fallj+1e /dwjdij (] V1] + W) e

<ol |- [ LG )
C T [t "\ 26(8'=B)  [d

for some constants cg4, ¢q depending only on the dimension. For the present bound, one can write

instead
/dw‘dvqu jlvie1] + Y e Bl < /dw-dv‘ 1 + !
o ’ 2e(8' — B) )\ Ve T\ g )

making appear the volume of collision parameters bounded in (4.44), leading to the following estimate
CnK+AK

(the factors Jx and Ng resorb in the bigger factor , for a slightly different constant C

depending on ).

Lemma 4.8.4 (Error of restriction to non-pathological collision parameters). The restriction of
constidering only collision parameters chosen so as to avoid recollisions, leads to an error of order

_d_\ "2
|ESVAl - FIVAl . < onk+A® | it 4 vl x exar 4 v (Edgl ) , (4.46)

and similarly for the limit CA}LV] — é?"ﬂ from the same computation.
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Harnessing initial proximity Now that we have constructed approximations of our distributions
that avoid recollisions, we can at last compare both the BBGKY and limiting distributions thanks
to the coupled pseudo-trajectories. Indeed, we can write the coupling

15|
Fs IV, G[V&] _ZZ JK / 7J / " dOJJKd'Un+1 dUNK

jK XJK Zn a]Kz,XJ )
JK
(] 0
X H $i(Wi, Vi — Uiy )4 [FJ@K (O,gg\,}K) — Gy (O,QE?[]K)} 1 00 [P oy’
=1 =Np =

with the same collision parameters for both pseudo-trajectories, the hard-sphere one and the limit
one. Since by construction x[ I = y[ﬂ and by Lemma 4.8.3 for glf] € & (eq), the n first particles also

have identical velocities on [0,¢], then for all times 7 € [0,¢], we have 27 = QZ] also in positions.
Henceforth, since by the work done in Section 4.7 all the added particles are particles at equilibrium
tagged 0, one has (as £,, C [1,n]),

Gy (0,69 ) = MEN< W) )og ()
)4
= MZV (wy oo " (2 ) (4.47)

and so

0 0 0 0
[P (0,280) = G (0,9 )] = |F (0, 20) = G (0,28
< (Co)Niee Pl
by the initial proximity result (4.21). Hence, the previous estimates on the successive-collision oper-
ators eventually yield the following result.

Lemma 4.8.5 (Initial value error). Conditionally to z, € E.(c4), the initial error is bounded by

| Bty — @iy HLm(gt Ly SO (4.48)

Coherent choice of truncation parameters (K,V,d) Eventually, the last step is to tune the
truncation parameters according to €, so as to obtain the convergence we want. Actually, there is
room to choose the scaling, since one can set all the errors as powers of ¢, except for the pruning
error (4.31) which is significantly bigger. Explicitly, stacking all the errors (pruning (4.31), removing
additional tagged particle (4.36), energy truncation (4.38), time separation (4.42) and removing
pathological trajectories (4.46)) then using the coupling result (4.48), one has

«a
n 72K—K

HF’Ii(t) - Gn(t)H]Loo(g;gL(Ed)) S CCO)\nC e

v 7353_3
K _Bvy2 _d_ _d—1 2 g2(d+
+ oA (pu te 2V + 64 e 4 Ve x gD 4 ——— +a>.
=

Hence, choosing the scaling

d-1 2

§=ca1, and V2 = Z|loge|,
B

one gets

d(d—1) d d+1

\[dJrl 2(d+1)

2
e*év +(5+Vd><54<d+1)+ <5+5d+1+’/310g5

2 d—1 2
g3ld+n ’5 log e

2
d—1

< eX@HD (4.49)
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for € small enough. This way, if we pick
1 (d—1)|log€|>J
K= 1
LogA 08 (8(d+ 1)logC /)|’

d—1
then 4" < ¢ 8@ D | and we can deal with the term C™¥ like in the proof of Proposition 4.6.1,
yielding the same factor n“'. Hence, for K large enough, denoting cg = (d — 1)/8(d + 1)logC,
we have

K@ —a —q)log2
SRR gl exp (—CB|10g5|(1 a)logi>'
. . log 2 N
As A > 2 is arbitrary, let us choose A such that (1 — 04)1 1 > 1 — 2a. This gives us the final
0g
condition on ¢
A< —F |loge|t~%,
~ 2Cy logC‘ & ’

Note that we take this scaling so as to have the biggest A possible in the hypothesis, pushing the
associated error at the same level as the truncation error above, which is the limiting one. It yields

CCA2 < exp (—62’8] log 5\1_2°‘> .

The final verification is the condition p,, < 27K of Proposition 4.7.1, which is satisfied with room to
spare considering the choices above. Piling all of this, the pruning error is bigger than all the other
ones, and we end up with the very last inequality for € small enough

cn c —Za0
IF5(0) = G ) m(eg e < nexp (- L logel ).

Eventually, the indicator 1¢: ., of the set of past-excluding configurations (4.43) pointwise converges,
as € goes to 0, to the indicator of the following set of full measure

{;n eD",V1<i<j<n, z; #xjand v; —v; géVect(xi—a:j)},

which concludes the proof of Theorem 1. O



Chapter 5

Combinatorics of the cumulants

The cumulants are obtained in Chapter 6 as the coefficients in the expansion in power series of the
cumulant generating function, defined as the functional

log  [exp (um; [H])]

They are an alternative description of the law of a random variable, equivalent to the knowledge of its
moments: the said expansion of the cumulant generating function thus contains all the information
about the moments of the empirical measure, which can be retrieved through the cumulants. These
objects are called that way because of their additive property for independant random variables.

More precisely, thanks to the link (2.19) between moments and correlation functions, there exists
a way to define the cumulants from the correlation functions (F),) of the system. The combinatorics
of the logarithm and exponential that define their generating function (Section 6.1) makes appear a
decomposition of the dynamics according to partitions into independent clusters, which leads to the
Definition 5.1 of the cumulants.

Looking closely to this formula, it is clear that the cumulants measure the defect of factorization
of the correlation functions, i.e. the correlations between the system’s particles. And indeed, the
precise study of the cumulants of the dynamics, led in the following Chapter 6, will emphasize the
fact that the cumulants are asymptotically supported on rare correlating events of the dynamics,
associated to interactions between particles. More exactly, the n-th cumulant (f;) is asymptotically
supported on the trajectories implying exactly (n — 1) of these rare encounters, through explicit
formulas that decompose the pseudo-trajectories previously defined (Section 4.2) into aggregates and
clusters of interaction, which are divided into recollisions and overlaps between particles.

In the present chapter, we hence give the combinatorial definition of the cumulants based on
the correlation functions, and discuss it until showing the injectivity of the cumulants through their
inversion formula, allowing to retrieve the correlation functions from the cumulants (Section 5.1).
Section 5.2 is dedicated to highlighting the combinatorial stakes of the inversion formula, which was
proven before through analytical methods [12].

The second part of this chapter begins with Section 5.3, introducing a specific formula for the
cumulants of functionals written as a product of interactions between some objects, which is typically
the case of the exclusion condition (2.1). These cumulants of an exclusion can be decomposed into
connected graphs of interaction, and this formula leads to a strong control of these objects thanks
to the tree inequality (Proposition 5.3.1), which bounds this decomposition by a sum over the trees,
instead of all the connected graphs. This tree inequality will prove itself very useful to get bounds
on the cumulants of the dynamics, in Section 6.5.

Eventually, we use this analysis to prove in the last sections of this chapter the estimates on the
partition functions, that we used in Chapter 4.

79
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5.1 Cumulants

The definition of the cumulants is based on a decomposition into partitions, so that for o € P, a
partition of [1,n], we denote || the number of subsets (0;)1<<|,| that compose this partition, which
is not to be confused with the cardinal |o;| of one of these subsets. Eventually, we denote P* C P,
the set of partitions o € P, that contain exactly k = |o| subsets.

Definition 5.1.1 (Cumulants). The cumulants associated to a family (G,)n,>1 are defined as

gn(émgn) = Z (_1)‘0|71(|O’| - 1)!G[0](§mﬁn)7 (51)

Uepn
where for any partition o € P,,, we denote

lo]

En) = H G|Ji\(§ai>£ai)'
=1

Note that the n-th cumulant g, is constructed from the correlation functions (G;) for i < n. Indeed,
it decomposes the interactions between n particles into products of interactions within the subsets
of every possible partition, to measure the defects of independence. One may easily check that for a
tensorized family (G,, = G$™), all the cumulants (g,,) vanish for n > 2.

We denote (f;) the cumulants associated to the hierarchy (F;). Note for example that the second
cumulant is f§ = F§ — Ff®?, encoding the defect of independence between pairs of particles. One
will see in Section 6.3.2 that when expanding the pseudo-trajectory formula, this corresponds to the
rare dynamics in which a distinguished couple of particles interact together. Section 5.3 below is
dedicated to the study of the cumulants of the exclusion indicators (1 x:), denoted ¢p,.

Proposition 5.1.1 (Inversion formula). With the definition above, the injectivity of cumulants is a
consequence of the following inversion formula

Gy = Z 9lo]- (52)

O'Epn

Proof. We start this proof with the following combinatorial identity, satisfied for any r > 2,

Z > (= 1] (Joil = 1)1 =0, (5.3)

k=1oePk

which is shown in [12, Lemma 2.5.1] using the Taylor series of x — exp(log(1l + z)). Note that it
can also be proved using combinatorics arguments (see the following Section 5.3, Lemma 5.2.1). We
can hence introduce artificially the sum of all the possible G|, appearing in the cumulants’ formula,
making each of them vanish thanks to the latter identity (5.3). We do this summing over partitions o
of the subsets (p;) that compose the partition p (in the notation below, r = |p|):

Gn =Gy +ZZ G[p]ZZ 1;[1\0%*1)’

=2 pePp, k=1cecPk

izizn 7o~ 1! [ G,

r=1p€P}, k=1 gecPk i=1 j€o;

using the definition of G|, and the fact that r» = 3~ |o;[. The trick now is to invert the partitions:
seeing o € P|,| as a coarser partition than p, it is similar as taking a partition & of [1,n], and then a
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e S e I3,

HeE)| — lessinea
TN\ |

p € Py PEPs, pEPsy pEPsy

Figure 5.1: Partition indexing

partition p € Ps, of each subset &; (cf. Fig. 5.1). Doing so, the cardinal of a subset |o;| becomes the
number of subsets in the partition p of g;, so that inverting the partitions we get

ZZHZ D)=L (|p] = 1)IGy,,
=1oePk i=1p€EPs,

which concludes the proof. O

5.2 Combinatorics of the inversion formula

We prove here the identity (5.3) at the origin of the inversion formula (5.2) for the cumulants, through
combinatorial methods. We recall this formula in the following lemma.

Lemma 5.2.1. For any r > 1, one has

r+1 k
> (- Z H]oz\—l‘—() (5.4)
k=1 73 i=1
Proof. We start introducing the following mapping
PE — PPk
{01, Jk} — {&1,...,6k}

where &; = o0; \ {r + 1} denotes the subsets of o from which we have removed (r + 1). Inverting
this mapping, for a o € Pf_l, we have k choices for the subset (r + 1) belongs to; and otherwise for
a o € P, the element (r 4+ 1) must form a partition subset on its own. This way, one can write

k k k k-1
Y el =nr=> > lol [T(osl =)+ > (sl —1)!

oePk =1 Jj=loepf =1 oepyti=l
k k-1
=r > ol =1t+ > [[(ail =),
cePki=1 ceph—1i=1

since by construction }_; |o;| = r. Thus, decomposing as above the sum (5.4), we can perform an
index shift on k to gather it back (the extreme terms, summing over P’ and P?, vanish). We get

;Z: > Hya,\—ll—r—lkzl ZH@\A

oePk, =1 oePki=1

1

:(r—l)(T—Q)X”'XOXZ(_l)lxm

k=1

iterating the computation, which concludes the proof. The importance of the cancellations to get rid
of a big combinatorial factor is clear here. O
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5.3 Cumulants of the exclusion

This section is devoted to the study of the cumulants of the exclusion indicator associated with the
hard sphere domain (2.1) (see Section 5.1 for the definition of the cumulants). The exclusion between
particles may be generalized to the exclusion between aggregates and clusters (see Section 6.3.2), yet
the following results and computations remain identical. The most crucial statement is the tree
inequality (Proposition 5.3.1), which provides a strong bound on the integral of these objects, used in
the following to estimate cumulants in Section 6.5, and the grand canonical function in Section 5.4.

Denoting Gg the set of graphs on a set S and G, = Gy, the set of graphs on {1,...,n}, one
may write

]leL(lTla‘--axn) = H (1_]l$i~$j)

1<i<j<n

=2 1 Loy

GeGn {i,j}€Eg

One can even further decompose the graphs into their connected components. We denote Cg C Gg
the set of connected graphs on S and P,, the set of partitions of {1,...,n}, so that we can write

|o|

Lxs(z1,...,20) = Z H Z H (—T1ma;)

c€Pp k=1 GkECgk {i,j}EEGk

Hence, thanks to the uniqueness due to the inversion formula (Proposition 5.1.1), the cumulants of
the exclusion are given by

¢k($17 sy X Z H xlwx] (55)

GeCy {i,j}eEa

The very specific structure of these cumulants yields a strong bound on them, called the tree in-
equality, exposed in the following Proposition. This bound on the integral of the cumulants allows
a strong control of the particle correlations, used in Section 5.4 to gain estimates on the partition
function, and in Section 6.5.2 to bound the initial cumulants.

Proposition 5.3.1 (Tree inequality).

(i) The modulus of the cumulants may be controlled restricting the sum defining them to the
trees Ty, C C (i.e. to the minimally connected graphs) as such:

FRETIU P SR | (I PO

TeT, {i.j}€ET
(i) As a consequence, we have the following control over their integral

/|¢kz(£k)\dgk < K 2(|Bylet)E !

Proof. The proof of this proposition relies on a partition scheme due to Penrose [52], and may also
be found in [12].
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1. The key argument is to find a map 7 : Cx — Ti such that for any tree T € T, there is a
connected graph R(T) € Cj, satisfying

7T_1(T) ={GeCy, Er C Eg C ER(T)}-

This means that we can partition Cp into subsets corresponding each to a single tree, and
containing all the graphs that are both compatible with this tree and smaller than an upper
graph R(T'). We will prove later the existence of such a partition.

Now, we decompose the sum defining the k-th cumulant according to this mapping, and using
its structure we get

oo I uep=> > I (—1y)

GeCy, {i,j}eEq TeTe Gen=1(T) {i,j}€EG
=> | I 1) > I 1)
TeTi \{i.j}ebr E'CERm)\Er {i,j}eE’
= Z H (—Ti~y) H (1 —1iny)
TeT, \{i,j}cEr {i,3}€ERr()\ET

reversing the usual computation so as to harness the cancellations, which yields the result since
1 -1, €{0,1}.

Let us now expose the Penrose partition scheme. To construct the representative T' € Ty of
a connected graph G, we will choose the vertex 1 as its root, and explore the graph from
there, always favouring the lowest vertices when choosing a new edge. Formally, we proceed by
generations of same distance to the root d(1, ), on the tree in construction. At each generation,
starting from the currently connected vertices, we add the edges of E¢ connecting these vertices
to non-connected ones, and whenever a conflict happens—which would create a cycle—the
lowest currently connected vertex has priority to connect with the new one. This iterated
procedure leads to a tree T such that Er C Eg.

Then, to construct R(T"), we search an algorithm to retrieve some information on Eg from
the knowledge of T'. For each edge {i,j} € E¢ \ Er, in the procedure to construct 7', at the
generation when the first among i and j was connected to the root 1 (let us say ), then either j
gets connected at the same generation, and then d(1,7) = d(1,j), either it gets connected at
the next generation, since they are connected in G. Since we supposed {i,j} ¢ Erp, it precisely
means that some other vertex—within the generation of i—had priority to claim j. Hence, in
that case, d(1,7) = d(1,47) + 1 and the parent p(j) of j is lower than i.

A good candidate for R(T') is thus T" at which we add the vertices {i,7} such that d(1,7) =
d(1,7), or such that d(1,7) = d(1,j) + 1 when p(j) < 7. One may check that with this choice,
every graph G satisfying Er C Eq C Epgr) has T as its tree representative, which concludes
the construction we needed.

2. By the first part of the proposition, the problem is reduced to the integration over the vertices
of a tree, for which we know a very simple algorithm. We start integrating over a leaf iy of T,
which appears in only one condition 1;,~;, and we then iterate for a new leaf until the tree is
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reduced to a single root, so that

Jlo= [ S Ttz

Ten {ZJ}EET

< Z |Bd‘6 / H ]liwjdxl...digi[ dﬂ?k

TeTy {5YeBm\ (4}
< > (1Bgleh) !
TeTy

— II{:ka(|Bd|{_:d)k:717

concluding with Cayley’s formula, that gives the number of trees on [1, k]. O

5.4 Partition function estimates

In this section, we prove Proposition 4.4.1, which yields the following estimate on the partition
function, for p large enough in our mixed low density scaling (S: ,, \):

1 (ACo) " Cox
L UGHE [y <o

17!
1 430 q'r!

First of all, let us use the symmetry of the particles (among each labelled group) to observe that the
partition function can be rewritten as

)\lﬁp\'up 12, | o
Zp = Z Z | /(MBSOO) *r(2¢ )]1;(5( »)dT, dv

p=0£,ENp p

P )\kupfk

=22 16w / (Mpip0)** (21)Lxs () dzduy, (5.6)

p20k=0 " :

NP -
Z q'p! /MBSDO (z )]IXE (p+q)d33p+qdv (5.7)
P,q=0

We now start by proving the computational lemma below, giving an explicit and exact formulation
of the partition function using the cumulants of the exclusion, defined in Section 5.3 above.

Lemma 5.4.1. For all A\, > 0, with (¢%) the cumulants associated to the exclusion (Lxe), one has

k!

A
Z, = exp (( > 'Z!l!/(MﬂSOO)@lekH) : (5.8)
kl

1)#(0,0)

Proof. We start from the formulation (5.7) of the partition function, and we will write the following
cumulant expansion, denoting P »+q the partitions of [1,p + q] into s subsets,

Mp)\q p+q

zZ,=1+ Y L% v / H%\ ) (Map0)®1(z, )z, 1,

|
p,q7#0,0 Pa = loeP,,,
2\ p+q 1

UP A p! q! a .
RERED Dl D DI D B AR t/H%Hi@mzi)(Mﬁ%Oo)@l’@li)d@wli-
,g#0,0 plat 5 (k“l )£0,0) M N |

—pzlg =q
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To perform this last equality, denoting P = [[1,p] and @ = [p + 1,p + q], we consider the following
surjection that counts the number of elements from each partition subset in both P and @, defined
up to an arbitrary choice of a partition order:

0. Pora — {kat) | (ki) # (0,0, Xk = p, X1 = q
o = (‘O’lﬂP|,-..,|O'3ﬂP|,|O'1ﬂQ|,...,|0'SﬂQ|)-

Its defect of injectivity is indeed given by

1 p! q!

ﬁ{O’ (S P8+q 5 (O-) = (ksaﬁs)} = ; ) kl'ks' ’ l1|ls|’

providing the combinatorial factors. Now, permuting the sums so as to get rid of the condition on
the value of the index sums, we get

ki \li
2, =1+ Z H ( > L M<xki+li><Mwo>®”<mli>dxmli) (5.9)
s>1 7 ' (Kisli)#(0, )
1)\1
= exp > k: Telll /¢kl+l (Mgpo)®"
(Ki,1:)#(0,0)
concluding the proof. O

Proof of the proposition. Now, Lemma 5.4.1 applied to both the numerator and the denominator—
that have the same structure—gives

P(ACh) k)\l
Z il ,0 /]1X5+q = exp o /¢k+l — (Mgpo)® }
Zu o P! (k, l);éOO

The terms in the sum are vanishing for [ = 0, so that

kAl Kyl
PEA uFA
m/ﬁf)kﬂ' [C(l) - (M6900)®l}| <> m/|¢k+l| 20
(k,1)#£0,0 >0
=1
T r—I l
p(ACo) /
<2 (e IV 1 |¢r|
; ; (r=0110
r Mril()\c())l o P
< 222 ( l)' T (’Bd|6 ) )
rz1li=1

by the point (i) of Proposition 5.3.1, stemming from the tree inequality. Using Stirling’s approxi-
mation, we have for any [ < r

rr2 e’ 7! (2¢)"

< <
(r=0V1 =2 (r=0100— 27

so that

k AC
B [ buat [Ch — (Mpp0)®']| < eCon Sy G (7« o)
(k,1)#0,0 r>11=1

(2¢|Bale®)™!
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Eventually, thanks to the scaling ue?™! =1 and 1 < A < p, we have

/\C =
ZZM ) (26\3 )1 < ZZM (2€|Byle) !

r>11=1 r>11=1
< Z 2e|Bgle)™!
r=1
<2
concluding the proof. O

5.5 Asymptotic study of the canonical partition functions

We take here the opportunity of the previous study of the grand canonical partition function to
expose brielfy the asymptotical behaviour of the canonical partition functions (2.12), which also
appear in the grand canonical partition function, defined for every N > 0 as

£, -
ZN —/po ﬂXfV@N)dﬁN-

In particular, we justify the fact that the random grand canonical number of particles A/, whose law
is given in Section 2.4, gets close to a Poisson variable when p goes to infinity in the Boltzmann-Grad
scaling. Indeed, at fixed N € N*, the Lebesgue’s dominated convergence theorem asserts that

Zy— 1, (5.10)

e—0
so that the cumulative distribution function of N will behave asymptotically as the one of a Poisson
law pointwise. Indeed, as p goes to infinity, the probability P [N = N| at fixed N thus behaves like

e—,u—>\ (M —+ A)N

T (5.11)

thanks to the estimate on the grand canonical partition function in the previous Section 5.4.

Nevertheless, one may want to know what happens to the canonical partition functions in the
Boltzmann-Grad limit (i.e. such that Ne¢~! = 1). Thanks to the exclusion condition of D%, one
can be sure that the conditions |z; — x| > €/2 are all disjoint. Since /2 is the radius of the spheres,
a way to see these conditions is to say that the center of a particle cannot enter another particle.
Hence, taking this small margin we may integrate over these disjoint conditions to get, integrating
over xy and then iterating,

2’7]6\/"C = / H ]llxi—$j|>8d£N
Tdp T
i#j

d
g
< (1 - (N - 1)|Bd|2d> / H ]l|zi—x]-|>€d£N—1
Td(N-1) ==
i#]
N-1 d
i €
(1 — Z‘Bd|2d> y
=1

N-1 d
log Z5° < Y log (1 - z'de\;d> : (5.12)
=1

IN

so that
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and by the concavity inequality log(1 — z) < —x, we have for d > 3 that

N( d) SIN(N-1)  |Bd

e(N—1) —— —o0, (5.13)

— B, - _
Balys—— 9d+1 Noroo

in the Boltzmann—Grad scaling, so that eventually for d > 3, we get

¢ N~l=gd-t

ER 0.

N—o0
This is an interesting phenomenon: because the canonical partition function vanishes asymptotically,
the estimate (5.11) above on the distribution of A/ does not hold for N around the expectation A+ u
of the Poisson law — where the mass is concentrated.

Note that we also use this estimate in Section 10.2.1 to discuss the optimality of our estimates of
initial proximity between the BBGKY correlation functions and their limit.






Chapter 6

Cumulants of the nonideal Rayleigh
gas

To study further than the first order convergence of the empirical measure (Corollary 4.1.1), we
introduced in Section 2.5 the fluctuation field of this measure around its expected value. Chapter 7 is
dedicated to presenting the limit of this fluctuation field in Theorem 2, and to stating a large deviation
principle for the empirical measure in Theorem 3. This analysis stems from our work presented in [33].

These results are proved thanks to the cumulants, introduced in the previous Chapter 5, which
are statistical objects finer than the correlation functions, capturing the finer scales of the dynamics
and allowing to rescale its rare events, to characterize their limit behaviour.

In the present chapter, we show the convergence in short times of these cumulants to limit
objects, with a full convergence rate in € thanks to a new precise computation on the dynamics’
cycles, introduced in Section 1.5 and detailed in Chapter 8.

First of all, we exhibit the link between the system’s statistics and the cumulants, introducing the
cumulant generating function in Section 6.1. Then, defining aggregates and clusters of interaction
in Section 6.3, we reparametrize the pseudo-trajectories already introduced in Section 4.2 in a way
that makes appear the rare correlating events that drive the evolution of the cumulants, eventually
encoding them in dynamics trees in Section 6.4.

Section 6.2 motivates that expansion by presenting the cumulant hierarchy in a naive way, high-
lighting the difficulty to deal directly with this hierarchy.

6.1 Cumulant generating function

The cumulant generating function is the functional log E [exp (uni[H])], containing all the information
on the moments of the empirical measure. Using the identity (2.19) between correlation functions
and observables, the formal expansion of this functional leads [12] to the definition of the cumulants
(Section 5.1). We prove here rigourously the said expansion of the cumulant generating function (6.3).

By linearity, and using the fact that before having been assigned a tag, the particles are exchange-
able, one has

k
[exp (ZH ZEZ, )1 —1+Zk‘E <ZH ﬂ, >
k>1
k
_1+y g Zl ) DI TR
- k! n! k! k! R
E>1 n=1"" ki+-+kn=Fk " (i3<N)j<n
(kj>1)j<n i1

89



90 CHAPTER 6. CUMULANTS OF THE NONIDEAL RAYLEIGH GAS

denoting H; = H (Za[t]z, L;), and expanding the power k by partitioning the resulting sum according
to the number of different particles implied in each product. Hence, using the relation (2.19) between
observables and correlation functions, and permuting the sums to get rid of the sum over k, we get

(once again extending the correlation functions by 0 outside of their domain)

N
E [exp (ZH(Z;?,LZ-)N = 1+Z > Ayl \/Fa (t,£,) ( - 'H(zz,&)k)
i=1 ki>1

n>1 5 eAp
_1+Z ZA‘“”'“/F%( —1)®7(L,). (6.1)
n>1 5 eAp

Now that we dispose of an expansion for this expectancy in terms of correlation functions, let us see
how the cumulants appear along with a logarithm. We start from the formula (6.1) above and use
the inversion formula (5.2). Hence, using the exchangeability of particles to reduce the partitions to
the number of elements in each of their subsets, we get

{exp (zH 2 1) )] M

+Z S Aol 3 H/ (M —1)E(e, )

los |

n>1 € eAy oc€Pp i=1
1+ Z Z Z H Z >\|€(1)| Di |€(1)| f; (t,ﬁ(l))(eH . 1)®pi (E(l)),
n>1 " = P1+ +ps —npl S!z Lygep,, '
(pz>1)7,<s

where the denominator s! stems from the arbitrary order that we impose on the partitions’ subsets.
We have also split the labels £, € A,, into the labels 9 ¢ A, on each subset. Eventually, we sum
over n to relax the condition on the subset cardinals p;, and factorize everything as

S

[exp <ZH 7z, L) >] —1+Z Z S AGlpl '/ 5, D) |

s>1 p>1 Z €Ay

which makes appear the exponential of the quantity defined below.

Definition 6.1.1 (Cumulant generating function). Thanks to the computation above, the two follow-
ing definitions are equivalent to define the cumulant generating function, from the empirical measure
and from the cumulants:

6l H) = logEleXp (ZH (z" L))] (6.2)

i=1

—Z S N [ ) DL, (6.3)

p>1 E EAp

Note that it is not directly a generating function as one can be used to, since it is not an expansion
in powers of the observable H, but in powers of its exponential, which makes appear combinations
of cumulants when deriving along H, not directly cumulants.

Let us finally observe that if the observable is of the form H(z,¢) = h(z)1,—y, (i.e. counting only
the tagged particles) then the cumulant generating function writes

sl / t, —1)%P, 6.4
HH] = 2 p, Dp 1) ) (6.4)
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We do not renormalize yet the cumulant generating function, since according to whether the observ-
able H weights all the particles or only the tagged ones, the suitable scale will be y or A.

6.2 Naive computation of the cumulant equations

6.2.1 Cumulant hierarchy

Before entering the details of the cumulant expansion based on aggregates and clusters of interaction,
which will be later decomposed along dynamics trees, let us motivate this analysis. Indeed, one could
start instead from the BBGKY hierarchy on the correlation functions, stated in Proposition 2.6.1,
and use the combinatorics of the cumulants to find the hierarchy they satisfy. Nevertheless, as we
show in this section, this non-linear hierarchy is quite difficult to handle, and does not yield as much
a priori information on the cumulants, as did the hierarchy on the canonical marginals.

Let us compute, for instance, the equations satisfied by the transport of the two first cumulants.
The first cumulant corresponds to the first correlation function, so that using the equation on Fy
given by the hierarchy (2.25) and the inversion formula (Proposition 5.1.1), one can find an equation
on the first cumulant depending on the second one. Avoiding to write down the dependence on the
tags of the particles for simplicity, we get

(O +v-Vy)fi =CiF5
=Cifs +C1 (fH)®2.

Because of the structure of the inversion formula, this equation makes appear all the lower orders
than the order 2, and a first non-linearity in the first cumulant. We will not detail the general formula
for the equation on f;, for it is more interesting to see technically how the cancellations occur in the
following example: for the second cumulant f5, the same results as previously lead to

(O + 0 Vi) f5 = @ +v- Vo) [F5 — (F)*
= C2F§ — Ff @ C1F5; — C1F5 ® Fy.

Expanding now the correlation functions in cumulants, exact cancellations happen that greatly sim-
plifies the equation; for instance, from the formula

F§=f5 = fi ® f5 — f5 @ ff — fi(22) f5 (21, 23) + (f)®°,

the term CoF§ makes appear a term

C2(f)° = fi @ Cu(f))* + Cu( D) @ ff

which simplifies with the cumulant terms stemming from the expansion of Fi. The same cancellation
happens for the other terms stemming from F3, and in the end it remains

(O +v- V) fs =Cafs +Caof5 @ fT) (6.5)
+ /[(w,vc —v) fi(z21) f5 (22, 21 + ew, ve) + (w, ve — vo) fT(22) f5 (21, T2 + au,vc)}dwdvc,

where the last terms come from operators Cy partially compensated. Once again, this equation implies
all the orders lower than the order 3, in a nonlinear way. These equations are given to emphasize the
difficulty of dealing directly with them; starting from Section 6.3, we harness an alternative method
to find a more relevant equation on the cumulants.
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6.2.2 Coarser cumulants

Another idea that is sometimes used in the litterature, is to use a coarser decomposition in cumulants
around a tensorized ansatz [54]; this is typically the choice made by Deng, Hani and Ma in their
paper deriving the Boltzmann equation on large time scales [24]. We present here this alternative
definition for curiosity.

Moreover, in the Rayleigh gas setting, it is quite natural to see that decomposition appear from
the classical cumulant definition: let us start with the Definition 5.1 of the cumulants. In the case
of a single tagged particle, only correlation functions depending on the first particle are expected
to be perturbed: let us hence formally replace the other correlation functions by the Maxwellian
equilibrium ansatz. For example, the second cumulant becomes

and in general we write thanks to the factorized property of the ansatz

= X F Y (-1)llojg”

aoC[1,n] Uepn—\‘fm
op>1

= > FAM?TL_W(—D"_'A',

AcC[1,n]
A3l

by the combinatorics of the Stirling numbers of the second kind, appearing in the Touchard polyno-
mials. Eventually, we retrieve the following formula appearing in the litterature

Bt ¥ (MR
AC[2,n]
with the following inverse formula, far simpler to prove combinatorically than Proposition 5.1.1,
Fo= Y [faMZP = > fpMGP.
BC[Ln] BC[2,n]
B>1

The main asset of these coarser cumulants is that, in our case, the direct naive hierarchy is linear.
Indeed, we can write from the formulas above that

@ —v-Vo)fe= Y ()" MZ0, —v-V,)F°
1€ AC[1,n]

- > <—1>"'A'M?ACC.A|[ > féM?Bc]

1eAC[1,n] 1€BCAU{n+1}

= > (umEMpt S > A7RMETe

1€ AC[1,n] a€A 1€ BCAU{n+1}

where the operator
{J%MEQBC}&’”H = /<Wa Un+1 — Ua>[ffaM§©Bc](§A, Tq + Ew, Uny1)dwdvp g

corresponds to the part of the collision operator (2.24) where particles a and (n+1) collide. Inverting
the perspective B C A, the sums might be arranged as

@—v-Vofs= > > {fpMFPyett 3 (=L

1€ BC[1,n+1] a€[1,n] a€ADB\{n+1}



6.3. REPARAMETRIZATION OF THE TRAJETORIES ALONG RARE INTERACTIONS 93

Now, observing that we have the combinatorial equality

S )M =1 g utay =]
a€ADB\{n+1}

the remaining values of B are [1,n], [1,n+1], [1,n]\{a} and [1,n+1]\{a} for a # 1. Finally, since
the terms where two particles distributed at equilibrium collide vanish by the boundary condition
(like in the proof of the BBGKY hierarchy, Proposition 2.6.1), we get

(0 —u- v£)fi = Z {fszﬂ(Un+1)}a’n+1 + {fi-ﬁ-l}a’n—’—l + Z {fz(é[[17n+1]]\{a})M5(Ua)}a’n+1.

1<a<sn 2<a<n

This equation does not imply anymore the lower orders than the order n, and is completely linear.
Those coarser cumulants seem relevant to study the behaviour of the tagged particle in the Rayleigh
gas. In practice, we prefer the tagged model which is more adapted to our statistical study since it
allows to define an empirical measure of a large amount of tagged particles.

6.3 Reparametrization of the trajetories along rare interactions

Instead of the descriptions presented in the previous section, we will favour a decomposition of
the cumulants according to the clusters formed by the interactions between particles, happening
in the dynamics. This computation leads us to an explicit formula that makes clearly appear the
rare dynamics events on which the cumulants are supported (see the discussion in the introducing
Section 1.4).

Once again, the first step to understand the cumulants is to find an equation implying only
other cumulants, which we do by computing an expansion of the dynamics, based on the interactions
between the particles (Lemma 6.3.1).

This first expansion is adapted from [12, Chapter 3, Tree expansions of the hard-sphere dynamics],
for the general indistinguishable case. Our purpose to find the expansion is to start with the pseudo-
trajectory equation on the correlation functions, and to identify the cumulants in an expansion similar
to the one characterizing them (see the inversion formula in Proposition 5.1.1).

6.3.1 Pseudo-trajectory measure

We start from the pseudo-trajectory formulation (4.9); recall that a pseudo-trajectory is fully de-

termined by its final configuration z,, = g[rf}, and the following parameters: number of collisions, a

collision history, collision times, collision angles and collision velocities, summed up in the parametriz-
ing vector

k
Uy = (, X b wio vh) € JTERY % Mo x T(8) x (877 x RY),
k>0

referring to the definitions of the collision times (4.6) and collision history (4.7)
Xi = (g, G, 1) € Hpg = Mg X Ay x {£13F,
Hence, denoting v,,4; = v; the velocities of added particles, and introducing the measure

k
. ler " tF
Ay () = it dty v, T siwr, vnsi — v )+ (6.6)
=1

the pseudo-trajectory formulation rewrites as

Fot) = [ 7= (0.25)) avy(wa), (67)
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where g{BL denotes the initial configuration deduced from the pseudo-trajectory, according to the
construction given in Section 4.2 (the initial configuration gg,)]n also includes the tags of the corre-
sponding particles). Note finally that the sums over k and y;, in the pseudo-trajectory formulation
result from the domain of integration of the measure v, and so remain implicit.

The formula giving an expression for the expectation of the empirical measure according to
the correlation functions (2.19), may be generalized [12, Proposition 3.3.1] to observables H,, (zl%%)

depending on the whole trajectory on [0, ], as

E| Y H.(Z Liy,.... 72" L)
1<ip#i; <N

=u" Y L”'/ /F6 Hy (2 dvyy (9,,),

£, EAn

where Hn(gggi]) is projecting the whole trajectory on the trajectories of the n first particles. The
object that we will study, for tensorized observables, is hence the H-weighted correlation function

FE[H](t, 2., L,,) /FE Y HE (D) duyy (9,). (6.8)

Note that for H = 1, we retrieve the correlation functions. Moreover, the cumulant generating
function (6.2) also generalizes to obervables depending on the whole trajectory H,(z[%"), as follows

®£07t][ ] =logE [exp <ZH AR ,L; ))]

=1

_Z S AL p—|£,,|/Dpf; [eH_l} (t.0,). (6.9)

p>1 Z €Ap

Indeed, the computation of Section 6.1 are identical for the expansion of this generalized version
of the cumulant generating function. The following section gives a formula for the H-weighted
cumulants f; [H].

6.3.2 Expansion and equation on the cumulants

Starting from the integral formulation (6.7) for the pseudo-trajectory formula, we will perform an
expansion based on the interactions between the particles, to make appear an expansion in cumu-
lants (5.1), eventually identifying the cumulants by injectivity, due to the inversion formula (Propo-
sition 5.1.1). This expansion is a first illustration of the link between cumulants and dynamical
interactions.

We start by splitting the pseudo-trajectories into mon-interacting aggregates, to factorize the
pseudo-trajectory measure. At a fixed pseudo-trajectory ¥,, = (k, X1, £, Wg, Uy ), for a set of particles
A C [1,n], we will denote

P(A) cAUn+1,n+ k| (6.10)

the set of all particles contained in the pseudo-trajectory stemming from A (depending on the his-
tory xj). Then, if ]11[3()7’:}1 is the indicator that particles p and ¢ never collided on [0, ] during the
pseudo-trajectory (z,,, ¥,,), we denote for A, A’ two subsets of [1,n],

taen= I TI 152

peP(A) ge P(A)
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the indicator that no particle stemming from A encountered any particle stemming from A’, dur-
ing the whole pseudo-dynamics on [0,¢]. Under the condition A % A’ the pseudo-trajectories are
independent and the measure and observable factorize as

AuA’ ,_[0,t A/ [0 A’/ [0,

dl/[t](\I’AUA’)H(X) U (gEI,A}UA/) — dJ/[t](\IJA)-E[(8 (§£I/A]) X dy[t](\IJA/)H® (gEI/A}/)

We keep this factorized writing for the moment, to remember that the pseudo-trajectories are defined
and constructed independently on each aggregate. In practice, they behave as if the particles from
two different aggregates could not interact: they overlap one another when they meet.

On the other hand, we denote the aggregating condition agg(A) the indicator that all the particles
in the aggregate A are connected through collisions in their pseudo-trajectories, i.e. that there exists
a path (i1,...,i14) € [1, |A[]" such that

. [0,]
{i1, .- 94} = [L,]A]] and Vj € [1, [A]| - 1], ]1 , ~Az o =1. (6.11)
This eventually leads to the following conditioning according to the partition k € P,, into aggregates:

||

rm =y | [H aga (i) dumm)H@”i(fo)] ( [ M) F9(0,23),).

k3
kePn”  |i=1 1<i<j<|x|

Henceforth, we denote the measure weighted by the observable
H . n 0,t
dv [[o t]]( n) = H® (égpn])dV[t}(‘l’n)- (6.12)

Now, still in the idea of factorizing, we want to decorrelate the condition of exclusion between
the aggregates 1,,4,,, using the cumulants of the exclusion (Definition 5.1, studied specifically in
Section 5.3) thanks to which we write

II Lo, = D dplhn . hp)

1<i<j<|A PEP|k|

recalling the notation
Il

Sy (ks s Kie) = [T 0pon (5,,)
=1

Finally, we still need to expand the initial distribution F**(0, gQL) to completely factorize the formula,
to make appear a cumulant expansion. We need to expand it in a coarser way than the partition p,
to be compatible with the product ¢, above, so that we consider the cluster cumulants, defined by
the expansion
(0] L0l
FE(0, 29 | 7% ‘ = > f (o 7%1 2y, ‘) (6.13)

P1
0'677|p‘

due once again to the inversion formula (Proposition 5.1.1). This expansion is made in clusters, and
so depends on the partition of the aggregates p € P,|. The following notation o < p <1 £ means that
the partition o is coarser than p, which is coarser then x, and in the end we write

>

o<p<dk

||
FL[H]() = Z / [Hagg Ki) dV[Ot] ki)

KEPn =1

To identify with a cumulant expansion, the last step is to use the same trick as in the proof of
the inversion formula to invert the partitions, starting by considering a partition o of [1,n], then
considering a partition p on each subset o;. This is made possible by to the compatibility condition

7p‘
Ep_f(fj ’
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and thanks to the factorizing identity

ol lo| lo]|
antit =Ton T 57 =TI [ = aspz] -

Jj=1 Jj=1 1€0;

Since the initial cluster cumulants f;** do not depend on the subdivision k, we can also invert k
and p to finally get the cumulant expansion

|o] lp| ||

=S I/ X o1l | 3 ¢, TLassten dfgiwn)| .

0€P, j=1" pEPs; i=1 |reP,,  i=1
whence the following lemma by injectivity of the cumulants.

Lemma 6.3.1. The cumulants satisfy the following integral equation, in terms of aggregates and
clusters of interaction

|p| ||

gtz ) = X [ 50028 28 O TT | S @ TLasste) dffiwn) |- (.10
=1

pEPn " =1 | kePy,

Note that the indicators agg(x;) and the cumulants ¢[,] depend on the whole pseudo-trajectory,
and hence depend on the time .

6.3.3 Initial cluster cumulants
This section is dedicated to proving Lemma 6.3.2 below, yielding an explicit formulation of the initial
cluster cumulants implicitly defined in (6.13), and useful to find bounds in Section 6.5.2. We denote

Ry = {2y, 1<i<|pl} and T,={z,1<i<p}

the set of clusters and the set of integrated particles, N = |¥,, |+ -+ + [¥, | the total number of
particles contained in the clusters, and

{]IX(J]@NM : H L, (2

2ERp|

the indicator that within each cluster, the particles exclude themselves. Finally, we denote as before
1,0y = 1 — 1.y, the exclusion condition between two subsets of particles x and y (potentially
clusters), and for S C N|y; k < pandl < g, we introduce the cumulants of the cluster exclusion

Oshil = Y I (1),

GeCsufkty) {z,y}eEq
where C4 stands for the connected graphs on a set A.

Lemma 6.3.2 (Explicit formula for the initial cluster cumulants). For any A, u > 0, with the notation
above, the initial cluster cumulants can be written as

o SN &L Nut [ gp opt
2" (0, LPRRRRRES |) = []l/\’()} Mg ¢ v OpM,Bp q¢N|p\7P+(I'

19!
p,q=0 P-q:
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Proof. To obtain an explicit formulation for the initial cluster cumulants, we will identify them using
the following characterization

FE(0,2y .. =3 i Lz ). (6.15)

Pl ﬂ\ \ Plpl
a€P|p|

Using the exchangeability of particles, we have

1 )\|§;\Mp—|£;\ o7
FE 0 [0] o [0] — / 7N+pM®N+p]l - d *
( 7§\I/p1 ) 7&\1/,)‘p| ) ZM p§>0 E*EEA p| ®o B XNer ép
=Y v

p
AdpP—a By _®q ) rON+p .
720 et [ M s
K p>0q=1

To retrieve a cumulant formulation like (6.15) above, we will expand into cumulants the exclusion
condition—which is the only obstruction to independence. To get rid of the partition function Z,
in the process, we will not expand the condition according to the integrating variables z , to make
appear the partition function at the numerator. More precisely, decomposing the exclusmn COIIdlthD
within each cluster, we write

[0] [0]

1 (z z zy) =11 e
XNip AP, 0 7,\1//3“7' ' &p) — X0

. (0] [0] *
% ]lX\P\er( Wpy 77 g‘llpw ’ép)’

with

[0] [0] _
]l’ewp|+p<g‘1’p1""’g‘1’p| ‘,g;k,) B H Ly H Loy H Loy
’ TYER ) TERpy€lp z,yely

= Z H (—Lany)-

GEG(y, , urp) {zy}eEa

We want now to split the sum above according to the partition induced by the connected components
of the graph G, as for the standard cumulants of the exclusion (5.5). Nevertheless, since we want
to make appear the partition function, we will compute a coarser splitting. Indeed, we will merely
isolate the part of the graph which is not connected to any cluster of R, i.e. the subset B C I, of
integrated particles that are only connected between themselves. We still decompose the rest of the
graph into its connected components, yielding a partition of N,/ U B® in which each subset has to
contain a cluster (otherwise it would have been kept in B), which we denote o € 75[N| ol B€|. Hence,
one can write

lo|

]l“?lp\-!-p(égg]m ’ *EI(J)]p‘ I’ ; Z Z H (—Lony) Z H Z H (—]lxwy)

BCT'y, GeGp {z,y}€Ea o€PIR|,|,Be] i=1 GECo, {zy}€EG
|o|
*
= > Ly (2h) Z H%w
BCT'p Uep[Nmch] =1

gathering the first sum over Gg by inverting the usual expansion, and recognizing cumulants of the
exclusion in their form (5.5) (see Section 5.3). In the end, a partition o € 75[N|p|, B¢ is a partition
of N, on which some particles from B® are added, either tagged by £, or not. We will use the
symmetry of particles (like in the study of the partition function, Section 5.4) to reduce these added
particles to their numbers of 1-tags ki,..., ks > 0 and of O-tags [1,...,l|; > 0, and similarly for
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@R
the particles in B, in numbers kg,ly > 0. Omitting the indicator {]IX(')} " to gain lisibility (it
factorizes and distributes very easily), we thus write

e [0] [0]
F [o,z@pl,...,z%pl
|o|
/\qﬂp I q! (p—q)! ®q 7 FON+

- ZZ ) Z Z k! [N I |/900 qMB p]IX,fOHO H¢U¢J€¢+li

= p>0 g= 1q -4 To€Py kot thi=a 0%« v Rlg|= 00 - - - Ho|* i=1

lo+-+l5=p—q
Oy ON kol lo| ks
g "My Z A0 11’0 ®k0M®lo+kz0 Z H Z ARl P&k ) Blith:
- Z kalla! A +lO ki 'l ! ®o 8 chrl, ki+1l;
M ko,lo=0 070 oEPy | i=1 ki li>0

ki
- Y 1 M®0'i90®£‘7i 3 Abipls dzf o, oM MG
B 0 k 'l | 2]tk i kit+lis
O’E'PN‘/J‘ =1 ki, l;=0

recognizing the partition function Z,, at the numerator. The lemma is thus proved by identification
once added back the indicator ]l "’ . O

6.4 Dynamics trees

Starting from the formulation (6.14) of the cumulants in terms of pseudo-trajectories, we will rewrite
this integral to make appear the correlations’ history between the particles. Indeed, the cumu-
lants encode the small defects of particles’ independence, which correspond to fortuitous encounters
happening between the pseudo-trajectories of the n considered particles. In fact, we prove that
asymptotically, the n-th cumulant f; is supported over trajectories implying exactly (n — 1) of these
fortuitous encounters, thus connecting all the pseudo-trajectories. This way, each of these interactions
has to be clustering, to eventually form a minimally connected graph.
We will control these fortuitous interactions between pseudo-trajectories in the integrated form

lp| ||

3 / dz, / AAUERNE | A DY (bpjl:[lagg(m) wlw)l,  (616)

PEPn J=1 HEP,]].

which is the integral over z,, of f:[H|(t,z,,%,) in its form (6.14). The integral over the endstate z,
allow to act on the arrival positions z,, of the trajectories to make the fortuitous interactions appear or
disappear. In the end, we will perform a change of these variables z,, that harnesses these interactions.

To that end, these fortuitous encounters will be recorded in dynamics trees, allowing us to express
the conditions of their existence. They stem from two different sources: first, recollisions appear
within the aggregates (x;) to make them connected; and on the other hand, on each cluster p; of
aggregates, the extended cumulants of their mutual exclusion ¢,, make appear overlapping conditions
between the aggregates, recalling that when two different aggregates meet, they overlap one another
without interacting. This formulation in dynamics trees will be the first step to prove bounds on the
cumulants, and to compute their limit (Sections 6.5.2 and 6.6.3).

6.4.1 Clustering recollisions

As explained above, within a typical aggregate x; C [1,n], denoting A = k; and a = |A|, each
pseudo-trajectory W4 contains recollisions (6.11) that connect the aggregate altogether, according to
the condition agg(A).
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Definition 6.4.1 (Clustering recollisions). In a given pseudo-trajectory, looked at backwards in
time starting from time ¢, we call clustering recollision the first recollision connecting the pseudo-
trajectories stemming from two different particles. In an aggregate A, we order these clustering
recollisions backwards in time from 1 to (a — 1), which defines a recollision tree T° (g&?’j]) € 71 whose
ordered edges record these recollisions: two particles m, m’ € A C [1,n] are connected in this tree if
and only if a clustering recollision happens between the pseudo-trajectories stemming from m and m/'.
Eventually, we define

(78, 0 )1<iza—1 € ([0,8] x ST

the ordered collision times and angles at which the recollision occurs.

For simplicity, we denote T3 = Tc(g&?f). We now partition according to the associated tree

agg(A4) = Y Lrgr.
TeTy

Under the condition T = T, we will perform a change of variables that harnesses each of the clus-
tering recollision conditions. To do so, we need to know which particles, from the pseudo-trajectories
stemming from m,m’ € A, collided to connect them. Recall that P(m) denotes the set of all par-
ticles added in the pseudo-trajectory stemming from m. Then, for every edge e = (m,m’) € Er,
we define col.(A) the pair of particles (pe, g.) € P(m) x P(m’) that collided on (0,t) to connect the
pseudo-trajectories of m and m/, when creating the edge e. Eventually, we also partition according
to which particle collided with which, for each clustering recollision:

agg(A) = > lre_y > [T 1q0=colea)-

TET; pe€P(m),qe€P(m’) e€Ey
e=(m,m’)EEy

We introduce the following notation for the indicator that the clustering particles are those we want
(the Fraktur & is chosen after the historical German word for collisions Stofs, at the origin of the
concept of molecular chaos Stofizahlansatz [29])

6(p67QE)T[A] = H ]]'(pﬁ,(Ie):COIe(A)'
ecEy

We can now harness the successive clustering conditions, which correspond to the ordered edges
of the tree T, enumerated (e1,...,eq—1) = ((m1,m}),...,(mq—1,m,_;)) backwards in time. The
relevant variables that we want to make appear are the times and angles of the collisions, when the
current integration variables are the arrival positions x4 at time .

As we are interested in the relative positions of the particles implied in the clustering recollisions,
we start with the following change of variable of Jacobian 1, denoting T4 the barycenter of the
positions T 4,

Tp <EA7 (fe = Tp. — xl]e)eGE'r) ’

where we take the convention p. > ¢, to be consistent in the following with the measure v. Thus,
once recursively determined the clustering conditions associated to all the edges preceding an edge e
such that cole(A) = (pe,qe), the condition associated with this edge states that at time 77, the
relative position xp, (75) — x4, (75) must belong to the sphere of radius e, defining the recollision
angle w; € S%1. Hence, denoting 74 the time of the closest deflection that underwent p, or g
between ¢ and 7;, and Axzq the relative distance travelled between t and 74, the relative positions at
time ¢ might be retrieved from

Tp, — Tq, = wg — (18 = Ta)(Up (TET) = vg. (7E7)) — Aua. (6.17)

e
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The parameters (75, w) are unique because we consider the very first time (backwards) at which p,
and g, meet, so that the mapping (6.17) above is invertible: we consider the local change of variable

Tp, — Tq, = Te > (75,wS) € [0,75] x ST,

where ¢’ is the edge ordered right before e. Since Az is a piecewise affine function recording the part
of the dynamics that does not depend on 77 (but depends on the previous recursively determined
clustering conditions, the dependency in 75 being explicit in (6.17)), the Jacobian of this change of
variables is

e N vp, (157 — g, (7, C+)7w§>+ = (op (7E7) =g (7 C+)7w§>+- (6.18)

Iterating this computation, we change the variables (Zc)ccp, to the ordered times 7§, _; and an-
gles w_; of clustering recollisions (also indexed by the ordered edges of Evy), finally leading to

/d&A {ﬂTCZTG(pe,QE)T[A]]d [[ t]](\IJA)

dz 4 H
= / TG [T v S g (A dvigly (W) TT (o (767) = w4 (76 5), )
ecby

6.4.2 Clustering overlaps

Now for a general cluster R = pj, of size r = |R|, we expand the cumulant

=2 I e

GEC‘M {’L,j}EEG

making appear overlap conditions 1,,~y;. At fixed pseudo-trajectory parameters ¥g, changing the
barycenter 7, of an aggregate moves rigidly the whole aggregate pseudo-trajectory, since by con-
struction the trajectories are defined independently on each aggregate. That way, we can act on the
barycenters to make them match the overlaps given by a given graph G € C|;|. In the same fashion
as for the recollision trees, we define the following objects.

Definition 6.4.2 (Clustering overlaps). In a given pseudo-trajectory, we call clustering overlap the
first overlap (backwards in time) appearing between independently defined aggregates, connecting
them according to the overlap condition discussed above. As for recollisions, clustering overlaps
define an overlap tree TV (z \I,[Ro,t]) € Tnl, and for each edge e = {m, m’} associated to an overlap, we

define
:sup{Ogsgt 154 —1}

Km~K /1

ov
7-6

its overlap time (arbitrarily taking the latest possible, to make them consistent with recollisions when
constructing pseudo-trajectories backwards in time), along with the associated overlap angle w?"

As for the recollision trees, we denote Tp = T°(z oq) the overlap tree. Now, we partition
R

the expansion of the cumulants according to the associated tree, treating separately when the graph
appearing in the sum is the overlap tree, and when it presents some additional cycles. Denoting
Cjx/(T) the connected graphs containing T, we have

d)R: Z ]lT}%":T H (_]lniwnj) + Z HT}%V:T Z H (_]ll‘iiNHj)

TeT {i,j}€BY TeT GeCl) (O\{T} {ij}eba (6.19)

- <Z5 [tree] + ¢ [cycle] .



6.4. DYNAMICS TREES 101

Focusing first on the tree part, one can write

|~ ||

Z d)[tree H agg(ﬁi)dV[[(ﬂ](‘I’m) (_1)|f€|—1 Z HTI%V:T H agg(m)du[[(ﬂ](\llm),

KEPR i=1 TG'H:‘ i=1

the overlap conditions being included in the overlap tree matching condition. At fixed overlap
tree T = TR", we act now on the aggregate barycenters that appeared during the change of variable
harnessing the recollisions. Recall that moving these barycenters moves rigidly the aggregate pseudo-
trajectories. Like for the clustering recollisions, we hence focus on the relative positions of these
barycenters through the change of variable, of Jacobian 1,

(fﬁz)lg‘/{‘ = <ER7 (fe = xpe - xQE)eGET) ?

conditionning on the overlapping particles (pe, ge) associated to the edge e, as it was done for recol-
lisions.

6.4.3 Clustering trees

At this point, we observe that the knowledge of a recollision tree on each aggregate, and of an
overlap tree between these aggregates, is equivalent to the knowledge of a global decorated clustering
tree T € 7,7, recording all the clustering interactions between the 7 particles of a cluster R, and
recording whether it is a recollision or an overlap through a decoration on each edge. This leads to
the mapping

||

< < 3 <,%
7\-’9| X Hl]\-m 7,
=1

TOV (TC

Hz)z<‘,‘§| — T]‘f?u

The decorations are denoted sp. by analogy with the scattering labels of the pseudo-trajectory
histories (4.7): indeed, this time again, we choose that a sign +1 corresponds to a scattering (i.e. a
recollision), and a sign (—1) to no scattering (i.e. an overlap). In the decorated clustering tree, the
aggregates correspond to the decorated connected components retrieved when removing the overlap
edges (we denote €€*(T) the set of these decorated connected components), so that the tree part of
our cluster measure writes

||
Z qz3t1ree] H agg(ﬂz)dV[[(ﬂ}(‘I’m) — Z ( |Q€ T)|-1 / ]lT* dl/[[o t}]( )

KEPR i=1 TETI;’* Aece(T)

For each global tree YT € 75", we thus have (r — 1) encounter times and angles (7,w})ccy,
either associated to a recollision or to an overlap, according to the decorations (se¢)ecp,. Once
computed the recollision changes of variable in each aggregate (i.e. decorated connected component
of 1), we compute the same on their barycenters to harness the overlaps, eventually leading to
the variables (Tp,T;_q,w;r_1). Since the overlap change of variable has the same Jacobian as the
recollision one (6.18), we end up with

ree di * *
[dan Y ok Hagg )= Y Y [ dug,dr,

KEPR TeT;* peGP(m) qeGP( ")
e—( )GET
* * H
X U116 (pe ge)r R IT selvp.(27) =vg (2 ) wi)+ ] d’/[[o,t]](\PA)-

e€Ey Aeee* ()
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Now, keeping in mind that the pseudo-trajectories do not interact between decorated connected

components of the clustering tree, one may gather back the measures y[[é{ g] on the whole set R. This
means that we consider a unique history

* *
(kvmk7£k7§kaﬁkagkagk)

for all the dynamics, although the pseudo-trajectories are still independently defined on each aggre-
gate. Moreover, we want to keep track of the time ordering between the particle adjunctions and
the clustering encounters. To that end, we will add to each edge e € Ey of the clustering tree the
information of the time interval [t;11,t;] (between two particle adjunctions) in which the clustering
encounter occur. This way, adding this information to the knowledge of which particles are involved
in the clustering encounter, each edge e = {m,m'} is associated with the triplet

(Pe, Qe ie) € P(m) x P(m') x [0, k],

such that 7. € [t; +1,t;,]. Keeping the notation S for this triplet’s compatibility, we write

p57QE7ie)

ree de
[aen Y s aatradfin) - ¥ % | s A xS gy B
=1

KEPR TeT< * Peyqesle
e€Ey

x T selop. (727 = v, (72F), )4 dvjgy ().
ecEy

With all this in mind, we are now able to gather all the particle adjunctions and clustering encounters
into a single tree encoding the whole dynamics. Indeed, at fixed number of added particles k, the
choice of the history (s, m;,) contained in the measure v, along with the clustering information, may
be encoded in a dynamics tree T4 R € T ++1» in which two vertices are connected either if a clustering
encounter happens between them, or if one of them was added to the other one, i.e. if they form
a couple (n + j,m;), with the associated signed decoration. The edges are time ordered from the
ordered clustering conditions in T = T, and the intervals (i.)ccp, defined above. This provides the
following mapping

T2 x [Lr+kPr < [0,k]FC x {£1}F x Mgxp — 7}MC Hk

Tfi ) <p€7 qe)@ ) (Ze)e ) Sk ) my, = T]%

with the condition pe,q. € P(m) x P(m') for every e = {m m'} € Ey. This mapping is injective,
and made bijective by restriction to its image 7}%,/% cTS +k, containing all the admissible dynamics
trees. More precisely, an admissible dynamics tree is such that the added particles from [r+ 1,7 + k]
appear in increasing order, and in particular do not have encounters before appearing. For such
a dynamics tree, the global dynamics might be recovered, starting from the highest ordered edge
(the closest to time 0) and reconstructing the trajectories up to time ¢, as in the example given in
Figure 6.1 (note that in this example the edge 0 is not admissible as it would connect the vertices 4
and 6 before they appear). From the dynamics, the parameters (T, (Pe, e, ic)e, Sk, my,) can be
retrieved, making the mapping bijective. Recalling the expression (6.6) of the measure, this lets
us with encounter times 7, angles wp, , stemming either from the adjunction of a particle in the
pseudo-trajectory expansion, or from a clustering encounter (recollision or overlap). Generalizing
the notation (v, (7e™) — vy (e ), we)+ to the adjunction of particles (even if in this case one of the
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1 2 3 .
time ¢
4
2 5
iii —
3

Figure 6.1: Example of retrieving the pseudo-trajectory dynamics (right) from the dynamics tree
(left)

particles does not really exist at time 7.7), one can write the condensed measure

||

/ dzp qb%ree] 11 agg(ni)du[[(ﬂ] ()

HE'PR =1
\5 |
= Z Z Z / da:Rdvk.H ]le H Se(VUim(Te ) — vy (T 1), we ) + dwed e
k=02, €Ay Te’]‘d e={m,m'}eEy

Although the order in the velocities’ difference above do not change the calculus (as we integrate w,
over the whole symmetric sphere), recall anyway that this order has been chosen such that m > m/'.
Summing everything up, we get the following proposition.

Proposition 6.4.1 (Dynamics tree formula for the integrated cumulants). For any time t > 0, the
cumulants decompose into two terms

FrlH) = fIE] ) + fRH] @),

the first one containing only trees in its expansion, and the other including cycles. Indeed, the integral
of the first tree term rewrites as the expansion

/ FEEE () dz, = S 10H

pG’Pn

where

da:pj

D puJH®p’]le -

“'p’ k>0 ¢ a
320 Lk, TEE] K

|p|
1)) = [ 200,25 2 w1l

x duy, H Se(Uimn(Te ™) — Vo (1), we ) 4 dwedre. (6.20)
ecFEy

The term f;|H] leyelel corresponds to a similar expansion, stemming from the part QSLijCle] of the ez-
clusion cumulants (6.19). Recall that the cluster cumulants f7f were defined in (6.13).

The term f2[H]I% will be controlled in the following Section 6.5.1.
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6.5 Integrability bounds

We present here integrability bounds for the cumulants, based on the formula above (Proposi-
tion 6.4.1). First, we show how to reduce the study of the cycle part to the study of the tree
part, making appear additional constraints on the way, to show that the cycle part will be negligible
in the limit. Secondly, we bound this tree part on short times in Proposition 6.5.1.

6.5.1 Discarding overlap cycles: a tree inequality

As announced, we start by controlling the part of the cumulant expansion containing cycles. A
cycle in the overlap conditions imposes a strong geometric constraint, which will provide smallness
(Chapter 8). But first, we will compute a tree inequality to simplify the sum over all the connected
graphs. To do this, we will harness the cancellations due to the signs, using the same trick as in the
proof of Proposition 5.3.1. Indeed, recall that the cycle part of the exlusion cumulants writes, for a
general cluster R,

cycle] Z ]].Tov Z H (_ ]lh)iNK,j ) ‘

TGTN GEC\M(T)\{T} {L]’}EEG

Denoting ]1% the indicator that the global dynamics contains a cycle, the sum over the cycling graphs
rewrites as

H ( ]1"%”"3) _]12? H ”ZN”J Z H HZNH]

GeCl (DT} {ij}eEa {i,j}EEY E'CES {ij}cE’
= ]]'% H K'LNHJ H (1 - ]lﬂi'%/ﬂj)
{Z ]}EET {Z,j}EE,Cr

computing the inverse expansion of the exclusion cumulants, the latter product being smaller than 1.
We are hence brought back to the tree case, and dominate the cycle part by the tree part, with the
additional strong cycle condition

d:rp]

/fs [cycle] < Z /fsp dvnH |p L Z Z =k H®p]]le r
’ ng TETdJ’ kj

PEP k>

xduf [T se(vm(me™) = v (7eh), we) 4 dwedre X ]I%j.
ecEy

This term is negligible in front of the tree one, because of the strong geometric cycle condition, as
stated in Section 6.6.2.

6.5.2 Bounding the cumulants on short times

We hence need to study the tree part of the integrated cumulants, written (Proposition 6.4.1)

ol

dz,.
/fa [tree] /fe,p d’Un H ijlle Z Z Z /dvk ﬂTd _ (6.21)
pEP, ki >0 & Ter
X H Se(Um (Te ) — Ve (Te ), we) 4 dwedTe.
ecEy

As in [12], this bound is only valid on short times, considering that we do not have a priori bounds
for the cumulants, unlike for the correlation functions (Section 4.4).
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Proposition 6.5.1 (Cumulant bound). For uu large enough in the mized scaling (Se ), there exists
a time Tg depending on [ and d such that for any t < Tg, one has for an absolute constant C' > 0

that on
ree n n
[ remeo)| < S
More precisely, we have
ree n Cnn! n
[ et — )| < S - (6.22)

The latter inequality specifies that the leading term in the integral formula for the cumulants is the
one corresponding to the trivial partition p = {[1,n]}.

Proof. First step: initial cluster cumulants. To get bounds on this cumulant, we will start
integrating the initial cluster cumulants, of which we recall the following expression (Lemma 6.3.2),
where N = |¥,, | +---+ |¥, | denotes the total number of particles contained in the clusters,

0 0 Np|  oN L AP ®p+
f??p(oaég]plw .. 7&{1/] , ) = [HX(.)} ’ M? Yo - de+qQ00 pM[jp qd)Nm,p-‘rq

50 plg

Using the definition (4.15) of Cy to control Mg and g, we have

/

and we apply the tree inequality (Proposition 5.3.1, i.) to the cumulant of the exclusion

‘Wm,pﬂ‘ < > [T Lo

TE€Ty , ulp+a {2y} B

lp| lp|
oo l2 (CoN)Pu? [+ ep+ T, dz’
de < O e el 3 p‘q'/Mﬁp U rea] TT a%p0 2y
-q: k=1

p,q=0

e, [0] L0
fnP(O,g\ypl e \I/p‘ |

Like in the proof of the bound on these cumulants (Proposition 5.3.1, éi.), we use the integration

variables z,, . and (T, )i, the latter moving rigidly the clusters (zy, ). Integrating over successive

=p+q
leaves of the tree, removing the edge {i,j} leads to a factor [¥,|- |V, |C4e?, depending on the
number of particles in each cluster. For this reason, this time we need to discriminate according to
the degrees di, ..., d|,4ptq Of the vertices Uy, , ..., ‘I'mp\ , T Since the number of trees on

[1, m] with prescribed degrees dy,...,dy, is equal to

(m —2)!
iz1(di — 1)l

*
1o 1 Tpig

we get (also integrating the density Mg over v, )

lp|
/ fn’p( 77 : J\IIOL‘ | H dxpk
1 el
< ool 3 COV ooy 5~ el +pia= H|x1/,, .

p,g>0 plq! H|p|+p+q

1yl p|ptq

Now, we observe that

(Ipl+p+qg—2)! _ <P+Q) <P+q+ ol — 2)(\;)] _oy< (p‘;q>2p+q+pl2(‘p‘ _9)

plq! P p+q
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We write on the other hand

lol |\If |d ol 2N
Z P | — H |\Ilpz|exp(|\1’pz’) = )
z:ld,}l =1
and similarly
p+q 1
H Z s < ePta
i=1d|,4;>1 (djpj4i = 1)!
We eventually get, since |p| < N and CoA < p,
4 200\ N g Bllux? alol-1) 5~ (P (g0
£0(() v —_ 9\ p p+q
/f (0, Zm"" p\l Hdavpk_QeC’o) NIE(|p] —2)le Z( » >(2u6)
p,q>0
< (2e°Co)Ne Pl (o] — )10 3 (4e),
r=0
eventually leading, for an absolute constant C, to
o 0T N d(lpl—1
/ L0 zy, 5oz, 1‘[ Az, < (CCo)Ne Plenl®(|p| — 2)1eel=1), (6.23)

Second step: bounding the collision kernels. The observable H being bounded, we can dom-
inate it roughly. Moreover, let us observe that the factors bounding the initial cumulants (6.23)
decompose on the clusters as
2 d Bl II?
(CCO)Ne—ﬁHENH - H(CCO>|‘I’pj|€ By (6.24)
j=1

so that for a generic cluster R = p;, we harness the associated velocity decay, to study the cluster
collisions in

L
Z Z pl ¢l Z /dvT+k]le - H Se{Vm(Tet) = vy (e ), we) 4 dwedTee ™ Bllerxll®.

k=04, €Ay TET;‘%;C ecEy

With our notation, r + k = |Ug|. Since we just bounded the dependency on the initial value, the
trajectories do not depend anymore on the particles’ tags, allowing us to bound roughly the sum
over /., using that p, < 1. We will use the velocity decay to bound the velocities appearing in the
collision kernels. We bound each edge separately, starting from the furthest from time ¢, so that the
other collision kernels will only contain velocities that do not depend on the considered edge.

For each edge corresponding to a clustering condition, using the Cauchy-Schwarz inequality, we
bound all the possibilities for this edge by

r+k
2 ) (lom(@ O+ [ow (T20)]) < 40+ B)y/ (r 4 B)lv,k12, (6.25)

m,m’/=1

where the factor 2 stems from the choice of the edge’s decoration. For each edge associated to a
particle’s adjunction, since one of the vertices corresponds to the particle that is added, we only have
to sum over the choice of the second particle as

r+k
2> ([om(mZ )+ o (T2 0)) < 20/ (r + F) w1 (6.26)
m=1
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Determining whether the edge is a clustering condition or a particle’s adjunction corresponds to an
additional factor 2"7*. In the end, harnessing the velocity decay (6.24) and integrating the ordered
times, we get

r+k—1
Sp<y 8 /dvr+kdwE drp, (r+ k)~ < (r+ k)||vr+k||2) e Pl

k>0
grtk—1 k=1 rk—1
<N 'gb— B~ Wr+k CsVr+k
z;) e (Covr+F)
< S(Cat) (4 Ry e (6.27)
k>0

using in the end that (r 4+ k)" 71 < (r + &k — 1)le %,

Last step: combinatorial manipulations. We now gather it all to bound the cumulants using
their expression (6.21) from Proposition 6.4.1. Using the exchangeability of particles to reduce the
partition p € P, to the cardinal of its subsets, and denoting Cy = || H ||oc, we write for a constant Cg
depending on the temperature and dimension that

TGS ES Sl

i=1ri4-+ri=n

)1 d(i—1) 1 ¢
(Z )le n CH H Z CgC()t ?"J—l—k (Tj—i—]fj)rj_l

Jj=1k;=>0

Z!?“1! ..

C%
< an'z 1HZZCBCOtT‘J+k lk+1“]

prt s =1 7,50 k;0

in the scaling usd = ¢, and harnessing the denominators ;! to control the terms (r; + l{:j)rj_l. Now,
for t small enough the series are convergent (and the term r; = k; = 0 actually does not appear, as
it corresponds to the empty tree), so that we get

‘/ffl[H][tree}(t ‘ < ifnl Eifl 41

=1

( + 8¢),

TL
<4C
[T

which concludes the proof. The second point (6.22) of the proposition is proved observing that the
term 8¢ corresponds to the sum for ¢ > 2, i.e. to the sum over the non-trivial partitions. O

6.6 Limit cumulants

Since the cumulants f; decrease very quickly as n increases (Proposition 6.5.1), we only need the
convergence of the first cumulant to compute the large deviation principle, and the convergence of the
fluctuation field. Indeed, in the rescaling (A" "' f2) that appears in the statistical study of the tagged
particles, the cumulants vanish for n > 2, as soon as % goes to zero. Nevertheless, for completeness,

we also compute their limit in the rescaling (u" ' f<). The corresponding formula could be used to
capture the fine scales of the dynamics in a further study.

6.6.1 Rare encounters of tagged particles

First of all, like in Section 4.7 for the correlation functions, we will show that the encounters between
tagged particles are very rare. Indeed, when we have bounded roughly the sum over the possible
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tags £, € A by 2% one could have looked at the influence of the encounters with at least one tagged
particle, which corresponds to the sum

6l _ s~ (k)
2 mt =) (JPZ
£, €A, i—1
£, 70y,

< pu2k.

This leads to the exact same bound as the previous one, with an additional factor p, < 1. In the
end, we get the estimate presented in the proposition below.

Proposition 6.6.1 (Rare tagged encounters). Denoting

[ faumteio

the integrated cumulants where the domain of integration of dv is restricted to {{; = 0.}, one has in
the usual mized scaling (S: ;. )), for any t small enough and an absolute constant C > 0, that

’/fa tree] /fa [tree]O )‘ < 1HHH

6.6.2 Discarding cycles

In the expansion of the integrated cumulants in terms of dynamics trees (Section 6.4), we emphasized
that non-clustering encounters may happen, either stemming from a non-clustering overlap, or from a
non-clustering collision. We state here that the dynamics presenting such cycles are negligible in the
said expansion, in particular proving the smallness of the cycle part of the expansion (Section 6.5.1).
Using a more precise computation than the previous method [11], we achieve an optimal bounding
factor in ¢ instead of €|loge].

Proposition 6.6.2 (Cycles are rare in the dynamics). We have the following estimate on the ex-
pansion proved in Proposition 6.4.1 for the integrated cumulants, under the constraint that a cycle
happens in the dynamics:

dz,,
s P ® .
Z /fgp dU”HM\pj\il Z Z H p]]ngj:T
pPEP, Jj=1 kjz0reTd
Pjrkj
* + —+ )} C"n n
x dvf dwp, drp, [T se(vm(re™) = v (), we) x 10| < e 1HHH

ecEy

The cycle condition imposes strong geometric constraints that result in a additional factor € in the
usual bounds for the integrated cumulants. The dynamics implying cycles are thus negligible in the
expansion above.

The proof of this proposition is given in Chapter 8, based on geometric estimates.

6.6.3 Convergence of the integrated cumulants

Now that we stated that the cycles and the other tagged particles asymptotically have a negligible
impact on the dynamics of n fixed particles, we go back to the expression (6.20) given in Proposi-
tion 6.4.1 for the integral of cumulants, to determine their limit (Proposition 6.6.3 below). Indeed,
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[0,¢]

by Propositions 6.6.1 and 6.6.2 above, up to an error of order (¢ + p,), the pseudo-trajectories z etk
only include clustering encounters, and none of the added particles is tagged. Hence, the velocities of
these pseudo-trajectories only depend on the dynamics tree T[&]] . and on the dynamics parameters

in the integral, so that they are equal to the velocities of the limit pseudo-trajectories Cn +k This
way, similarly as in the discussions around Lemma 4.8.3 and the identification (4.47) of the initial
pseudo-trajectories, the positions of both pseudo-trajectories are (ke)-close, and in particular they
are identical for the n final particles. Since the only tagged particles are among these n final particles,
and since the equilibrium Mg only depends on the velocities, we get

19 n L, n
Lo MGy = (g MG R (0.

The observable H®™ also only depends on the n studied particles, so that one can bound

n gn mn n
(Ot ML) — HE ) 0,20,

n én mn
= |HE )| - [lpg ™ ME™ (= ) — Fai(0, 20|

< ‘H®n<§§,t])‘ . Cg+k€—§||yn+kll2€

by the initial error studied in Proposition 4.3.1. Eventually, recalling the result (6.22) of Proposi-
tion 6.5.1, the leading term in the cumulant expansion corresponds to the case of a single cluster

= [1,n], once again with an error of order e. We end up with the following limit formula for the
integrated cumulants.

Proposition 6.6.3 (Convergence of the cumulants). For t > 0 small enough, the integrated cumu-
lants [ fr[H](t,£,) introduced in (6.16), converge as e goes to 0 in the scaling (S: , ) towards the
following limit formula

[ fatme. L) (6.28)
B Z Z / dzdv

k>0 Yer ecby

Yn 7'6 ‘f'e+ mn n n 0
+ dWETdTET H Se ] ln/ ]7we>+H® [ M® +k](€7[1-]-k)

where none of the added particles in the pseudo-trajectories are tagged, and with the quantitative

bound
’/fn[H](t,E /fn 1(t,£,)

Let us observe finally that some of the trees in the formula above do not contribute to the sum.
Indeed, imagine that in a tree two added particles (hence non-tagged ones), both meet as their first
(forwards) encounter at a time 7.. Then, changing the sign of the encounter leads to a weight

—se(vlre = ol w >+Mﬁ<[O})Mﬁ(vgl):—Se@?[;eﬂ_%[;?] ) Mg (vl) M (0]))

C n
T IIHII (e +pu)-

using the equilibrium structure. Note that since they are added, they do not contribute to the
weight %@ by ®" 5o that the contributions of this tree and of its counterpart with a changed sign
cancel out. In particular, for the first limit cumulant f; = Fj, as pictured in Figure 6.2, the only
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shape of tree that contributes is the linear one. Hence, it is enough to know the signs associated to
each encounter, and one may write

/ Fu[H](,0) (6.29)

-y dzldvkdwkdmﬂsl o e B ML),

k>0 s

Fortunately, this expansion coincides with the pseudo-trajectory formulation (4.13) of the solution
to the linear Rayleigh-Boltzmann equation (2.13).

1

T1 T = T{1,2}
T2 = T{1,3}
T2 T3 = T{1,4}

-7=0

2 3 4 1

Figure 6.2: Left: example of non-contributing dynamics tree in the expansion (6.28) of the first
correlation function. Right: only contributing tree for 3 added particles.

6.6.4 Convergence of the cumulant generating function

We study here the convergence of the cumulant generating function in the case (6.4) of an observ-
able H = H1,-; weighting only the tagged particles, generalized to observables depending on the
pseudo-trajectory 2% in the whole time interval [0,#] as in (6.9). It writes

elH =3 sl -1 ey,
p=

For p > 2, using the bounds on the cumulants (Proposition 6.5.1), one has

222,1/10 -1 1) <A () (e - 11

p=2

<Ax22 (CHe - 1\\00)2

as soon as 2\C|lef! — 1||oo < p in the scaling (Se,un). Hence, rescaling properly the generating
function, we get the following proposition thanks to the convergence of the first cumulant (Proposi-
tion 6.6.3).
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Proposition 6.6.4 (Convergence of the cumulant generating function). For any time t smaller than
the short time Ty considered in Proposition 6.5.1, still in the mized scaling (S, )), the rescaled
cumulant generating function converges as

Aqs[(”] — /F1 I(t,1) /F1 —1. (6.30)

All the cumulants of order greater than 2 vanish in this scaling, at the opposite of the non-linear
version [12] in which they contribute to add non-linearity in the limiting generating function. Next
section is dedicated to the equations driving this limit.

6.6.5 Hamilton—Jacobi equations for the limit cumulant generating function

For observables that behave according to the structure of the trajectories, i.e. of the form

HE = g6, ~ [0, — 0 Valg(s,2(s))ds

as introduced in Section 7.1, we will study the limit cumulant generating function (see the previous

Section 6.6.4), denoted
Tlt.9) = [ B exp (o0~ [0~ 0- 9200, )] 0 (6:31)

It is relevant to consider observables in the functional space

(hit.o) - o).

gEBrg = {h ‘ IC>0: vVt<T +[[(0r — v - Vi) h(t)|[Loo (p) < C’}

(6.32)
Indeed, the relevant variable that will appear as boundary condition of a Boltzmann equation will
be €9(t) (see the proof of Proposition 6.6.6). Note that the time of validity of Theorem 3 depends
on this norm C' chosen for g € By 3. One may choose to extend this class of functions to observables
growing as small inverse Gaussians, using part of the exponential decay of the cumulants to com-
pensate this growth (see [12, Chapter 7]), yet that would mean losing control on the solutions to the
Hamilton-Jacobi system below (Proposition 6.6.5).

We will use the formula (6.29) above to find the Hamilton-Jacobi equation it satisfies. Observe
that the term k = 0 in this expansion corresponds to the initial value Z(0, g). For any k& > 1, we split
the dynamics tree in two, to isolate the influence of particle 2 at time 71. To this extent, let us define
Sp—1 = (82 .., 8), and similarly vy, W1, 71, and ¢, = (C1, G35 - -+, C14)- We split according to
the sign s1, Wthh labels the first collision (between v and vy = v]), writing

Lo (D)

Z(t,g9) —Z(0,9) (6.33)

k
/dzldUdeldﬁ(Ul — vg,w1)+ Mp(vh ZZ/d@d@diHsi@? vﬁ:],wz>+
B>1 3 =
S ~[0]
xexp (att.c) = [0 =0 T2gts. et ) leoMHIE)

/dzldvgdwldn(vl — vg, w1 )+ Mp(v2) ZZ/dvdwdTﬂsl [t vﬁl],wz>+
k>1 3

< oxp (gu, ciy /0 (8 — v~ Va)g(s, d“)) o84,
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~[0,t . .
where the pseudo-trajectory ¢ L ] corresponds to the scattering case s; = 1 in the first term, and to
the overlapping case s; = —1 in the second one. Now, by the fundamental theorem of calculus for
the transport equation, since there is no collision in the pseudo-trajectory on [r1,t], one has

t 1
o,a(0) ~ [0~ v a5, Ga(5)) = 9, (o) — [ (@ = - Tadgls,o(5))
0 0
In the overlapping case, we have g(71,¢1(77")) = g(m1, :17[171],111) = g(71,C1(7y )), yet there is a discon-

tinuity in the scattering case. Indeed, in the scattering case, writing

g(r, G (D) = gl 2l vn) = g(r, 27 0)) + g(m, 2l ),

and recalling that the mapping (v}, v5) — (v1,v2) is of Jacobian 1, the first term in the expan-
sion (6.33) above writes exactly as the second one, with an additional factor

[71]

exp (g(Tlaxl aUll) - g(Tla:L‘[lTl]a'Ul)) .

This way, the expansion (6.33) of the cumulant generating function corresponds to an integral over
time of the same expansion at time 71, with an additional weight depending on z;(71): this is precisely
the partial derivative of the functional Z(t, g) with respect to g(t) as an independent variable, in the
direction of the said weight (the functional Z(t,g) is clearly analytical in this variable g(t) by the
expansion that we used above). Hence, one can write

t aI ’
Z(t,g9) —Z(0,9) = /0 dT%(Tag) {/ dz1dvedw(vy — ’U2,w>+M5(U2)(69(7’21)79(7’“) -1)].

One may identify the partial derivative with the function 2 — JyZ(t, g, 2) such that

oz

%(t’g) [h] = /Dag(t)f(t7g72)h(z)dz.

The function 2z ~ 9y Z(t,g,2) is shown [12] to be continuous in z, with values in the space of
measures weighted by the inverse of the Maxwellian M 5 1 Hence, we are left with

t !
I(t,9) = Z(0,9) +/ dT/dzldwdw(m — v9,w) + Mg(v2) Dy (7, g, 21) (77921 1) (6.34)
0

yielding the following proposition.

Proposition 6.6.5 (Hamilton—Jacobi system for the limit cumulant generating function). Introduc-
ing the Hamiltonian

H(q,p) = /dzldwdw@l - 1)2,w)+M5(Ug)q(zl)(ep(xl’vl)fp(xl’”ll) - 1),

for any time t < Ty (see Propositions 6.5.1 and 6.6.4), the limit cumulant generating function is a
mild solution of the equation

KLt 9) = H (9 Z(t:9),9(¢)) .

in the sense of (6.34).
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At fixed t > 0 and g € By (defined above in (6.32)), this Hamiltonian equation incites to
introduce the following Hamilton—Jacobi system

oA

(95 — v - Vy)qlt a7<q“],p[ﬂ> . q(0) = Mg exp(p(0)), (6.35)
6.35
OH
(0s —v- Vm)(p[t] -g)= _aiq(q[t]’p[ﬂ) ) p[t] (t) = g(t),

where the unknowns (q[t], p[t]) are meant to find the minimizing values of (8g(t)Z (t,9), g(t)) for this
Hamiltonian. Next proposition is dedicated to proving that the mild Hamiltonian solution

I(t.g) = Z(0,9) + /0 ds /D d"(s)(0s —v - Vo) (p(s) — g(s5)) + /0 (g (s) p(s))ds (6.36)

is well-defined, and to identify it with the functional Z(t, g).

Proposition 6.6.6 (Identification of the Hamiltonian solutions). For any time t > 0 and any
observable g € By g, the Hamilton-Jacobi sgstem (6.35) admits a unique global solution (q[t],pm)
such that (qme_p[t],epm) e L™ ([0,75],]—“175/4) , and the functional Z(t,g) defined as (6.36) from this
solution coincides on [0,t] with our functional

I(t.g) =1(t,g).

Proof. To prove the wellposedness of the equation, we compute the change of unknowns

{ y(s) = eI
9(8) = 83 —vU- vm)g(s)v

and we consider the functional J(t,0,7v) = Z(t,g). For this functional, the formula for the partial
derivative with respect with ~ is even simpler: where the derivation of the term v = e with respect
to e let it invariant, the derivation with respect with v makes it disappear. Thus, in the previous
formulas, we have to add it back in the weight corresponding to the direction of the derivation. The
associated Hamiltonian is hence

A = [ dadvadeo(on = vo,) M(va)x(:1) () = (1), (637

for the variables xy = qe™? and 1 = €, and the Hamilton—Jacobi system writes as

A

ot
oH
(Os —v-Vy)n—bn= —a(x,n) . n(t) =)

This system is equivalent to the following linear Boltzmann—Hamilton—Jacobi system

(0, = v Fa)x = ~0x + [ duadeo(y = vz, ) (Malvh)x() — Ma(2)x(2))
(6.38)
(0s —v-Vg)n=+6n— /dvgdw@ — vg, w>+M5(vg)(n(z’) - n(z)).

Contrary to [12], these equations are decoupled, since the coupling was stemming from the non-
linearity. Moreover, they are not symmetrical: these linear equations are very close to the Rayleigh—
Boltzmann equation (2.13), yet the first one has the same collision kernel as the equation on Mpgop,
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and the second one the same as the equation on . As we saw in Section 3.4 in which we introduced
this system, in our functional setting this system admits a unique global positive solution

(x,n) € L™ ([O,t}, F1,8/4 X ]:17—5/4> ;

proving the first part of the proposition.
To perform the identification, we start to show it on small times. We prove that

J(t.0.7) = T (t.0.7) (= L(t.9)),

where the second term is defined through the same change of unknowns. Both functionals are mild
solutions to the same Hamilton-Jacobi equation (see for example [12] for the algebraic details). It is
hence enough to show that there exists a unique solution to this mild equation in a regularity space
common to both functionals.

Denoting Br g the (F; _g/4)-ball of radius R > 0, let us define the norm

Tl r,s = - ﬁup |T(t,0,7)],
VE%OR\ﬁ
and let us assume the regularity condition, for every 0 < g < 3/,
RCj
J(t . (6.39
\/7IH Ol g> (6-39)

for some explicit constants Cjg, C’g depending continuously on 8. Then, considering the Hamilton—

VG € C°(D), [¥z € D, |G(=)| < RCslole "] ‘/a T(t.0,4) G’

Jacobi equation (6.34) and the modified Hamiltonian H defined in (6.37), we have for any function-
als J,J' satisfying the regularity asumption (6.39) above, and ~ in the ball By g, that

’7:[(3%7,7) - 7—2(8%7',7)‘ < ‘/dzdvgdw@ — Vg, w)+ Mg(vg) [3%7 — 8%7’} (z)"y(z’) — ’y(z)’ . (6.40)

Using the fact that v € Bgr g, we have on the one hand for any z € D,

\/ dvadw (v — v2,w)  Ma(v2)y(2)]| < Re T ws(v)

8
< Re1l"’ Cglu),

with the notation (3.5) for the loss factor vg(v). On the other hand, using Lemma 3.3.1 to rewrite
the collision operator in terms of its integral kernel, we observe that

/|2

’/dwdw(v - UQ,w>+M5(v2)|7(z')]‘ < R/dvgdw<v - vg,w)JrMﬁ(vg)eg"“

2 2 2
2 (In2-1wi2)

ln=v|2 | [n]2=|v
inl? —B[ i R ]

8|n—v|?

< RC 4'”'/ :
o I — v\“

so that we recognize precisely the collision kernel of the modified collision operator (3.8). Thanks to
its bound shown in Section 3.3.2, Lemma 3.3.3, we get

2
I Pt () 1

‘/d@dw—w, W)+ My (v2) (= )|’<C’5Re
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In the end, the functional in z integrated against {87.7 A ’} in (6.40) satisfies the assumptions of
the regularity condition (6.39), so that

Cs
VB =B
This inequality is precisely the hypothesis of the abstract Cauchy—Kovalevskaya theorem stated in [12,
Appendix A], for equations of the form (6.34) that we consider. According to this theorem, there
exists a short time on which there exists a unique solution to the mild equation on J, with the
regularity (6.39) that we imposed. To show that both functionals J and J are identical on short

times, it is now enough to show that they share this regularity assumption. It is trivial in the case
of J since by construction we have

T @l

70,7 ,7) = H(0,7",7)| < R

a’Yj(tvga'Y) = X(t)'

For the other one, we use its analyticity in + to write for any A € R that

1 27 . .
/67\7(75, 0,7)(2)G(z)dz = ﬁ/ T(t,0,~ + ezeAG)e_de_
0
Since we assumed that for any z € D,
G(2) < RCplvfe”

Cﬂ AP
< R—L Al ’
VI —B

if we choose
VI=B
RCjy ’

we obtain '
v+ 610)\G S BRﬁ/.

Eventually, thanks to the analytical formula, we retrieve exactly the wanted regularity domina-
tion (6.39).

Now that the identification is established on short times, on any time interval [0,¢], one has
uniform bounds on j thanks to the long-time existence result on the linear Boltzmann—Hamilton—
Jacobi system. Hence, after the first small time of identification, since J = J, both functionals still
belong to the same functional framework, allowing to extend the proof of the uniqueness until any
fixed large time ¢, concluding the proof. O






Chapter 7

Statistical fluctuations and large
deviations

To analyse further than the first-order convergence of the empirical measure (Corollary 4.1.1), we
study in this section the fluctuation field of this measure around its expected value, and present its
limit. Eventually, we state a large deviation principle for the empirical measure, that we prove in
the following sections.

This study is performed thanks to finer objects than the correlation functions, called cumulants,
that capture the finer scales of the dynamics and allow to rescale its rare events to characterize them.
The previous Chapter 6 is dedicated to the analysis of these cumulants: we show the convergence
in short times of these cumulants to limit objects, with a full convergence rate in € thanks to a new
precise computation presented in Chapter 8.

7.1 Statistical refinements: fluctuations and large deviations

As discussed in Section 2.5, the empirical measure of the tagged particles, defined in (2.21) for an
observable H, can be seen as the observation of a measure 7; € M(D) on the domain D, writing

#[H) = / H(2)d75(2).

The family (7%)g<s<; defines a measure on the trajectories of D%, The set Traj([0,t], M(D))
of such measures is endowed with the Skorokhod topology. On the other hand, we have defined the
fluctuation field

G = VAR -ER)),

to capture the next small order after the law of large numbers (4.3).

Theorem 2 (Convergence of the fluctuation field). There exists a time T > 0 such that, in the
mized scaling (S ,.)), the fluctuation field defined above converges in law on [0,T] to a Gaussian
process ((;), whose equal-time covariance is given for any t < T by

E[Glolalnl] = [ M@)e(t. g h(:)dz, (7.1)

where ¢ denotes the solution to the linear Rayleigh—Boltzmann equation (2.13).

Indeed, unlike in [12] where the limit fluctuation field satisfies a linear stochastic equation of the
form

dft - E&t dt + dﬁt

117
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driven by the linearized Boltzmann operator (3.3), here the limit fluctuation field is trivial and does
not depend on the second limit cumulant; there is no interference between the tagged particles,
on the mere condition that A < ', without any phase transition between this scaling and the
nonlinear scaling A ~ ac'~%. The proof of this theorem is given in Section 7.3, using the properties
of cumulants that have been established in Chapter 6.

To study the large deviations of the dynamics, we will harness a weaker topology than the
Skorokhod one. To that end, for a measure m = (ms) e € Traj([0,t], M(D)), and an observable
h € C°([0,t] x D), we define the filtered mean

(h,m}, = /ht 2)dmy (2 / / (s + v - Vo) h(s, 2)dmy(2), (7.2)

that filters the transported part of the considered observables (see Section 6.6.5 and below to justify
the use of this filtered mean). The first quantity that will be relevant for the large deviation principle
will be the limit object Z(¢, h), that is defined in (6.31) as the limit of an expectancy, and which can
also be defined as the mild solution (Proposition 6.6.6) to the Hamilton—Jacobi system

OH
(0 —v-Vi)g = %(q[t],pm) , q(0) = My,

oH
—v- B _py= 215l
(00— v- Vo) — 1) = =5 (g

(7.3)

with the Hamiltonian
H(q,p) = /dUde<U1 — Uz,W>+M,B(U2)Q(Zl)(ep(zl)_p(zi) - 1),

in the sense of

I(t, h) = Z(0, h) +/ ds/ )(0s — v- Vo) (ol (s +/ p(s))ds.  (7.4)

More precisely, we are interested in its Legendre transform, defined for v € Traj([0, ¢], M (D)) as

A(t,0) = sup [{h,v} = Z(t,h) — 1], (7.5)
heBy 5
where the supremum is taken over observables in By g, defined in (6.32) as the set of observables with
bounded transport, and such that e” is uniformly dominated by the inverse ngaussian.
Eventually, for the lower bound of the large deviation principle, we need to consider the set S; of
strong solutions, on [0, ], of a biased linear Boltzmann equation of the form

(0 — v+ Vy)o = / dvedeo(v — ve, w) 4 M (ve) (0(2/)eP ) PED — p(v)er()2E)) (7.6)

for some p € B; 3. The large deviation principle might then be formulated as follows.

Theorem 3 (Large deviations of the empirical measure). In our mized scaling (S- . ), considering
the tagged empirical measure (2.22), there exists a time T > 0 such that, for any t € (0,T], we have
the following large deviation upper bound

. 1 ~e .
_ < — (.1
hI;l S(l)lp )\ log ]P(?it S F) ;gf A(t, U), ( )

when F is a closed set in the Skorokhod topology. Additionally, when O is an open set in this topology,
one has the large deviation lower bound

P -
sl > .
hgn 151f 3 logP(7; € O) nemrgStA(t 0). (7.8)
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Note that the most useful result is the upper bound on the probability of deviation, as one can
see for example in Section 9.4.3, where we use it for the binomial distribution. In our Theorem 3,
the upper bound has no restriction on its infimum. Nevertheless, the lower bound, which precises
that the upper bound is optimal, is here restricted (like in [12]) to solutions not that far from the
Boltzmann linear equation, since they must be solutions to the biased equation (7.6). The proof of
this theorem is the subject of Section 7.4, once again based on the convergence of the cumulants. For
this reason, since without a priori bounds on these objects our method does not allow to show their
convergence on large times, the theorems above are restricted as in [12] to short times.

7.2 Tightness

We expose here tightness results for the empirical measure and the fluctuation field, useful to extend
weak results, in the sense of observables, to results in the strong Skorokhod topology on the set of
trajectories Traj([0, t], M(D)).

The results of this section are given without complete proofs, which can be found in the paper
dealing with the fluctuations and large deviations of the general symmetric hard-sphere dynamics [12].
Indeed, these proofs rely on the bounds on the cumulants, that we proved in Section 6.5.2 in our
mixed model, and are otherwise identical.

Proposition 7.2.1. There exists a distance d, based on normalized bounded observables, and asso-
ciated to the strong Skorokhod topology on Traj([0,t], M(D)), such that

1
li lim —logP o) > Al = — .
L Lz‘gﬂ A7) = 4| = =oc (79
and for any n > 0,
1
li lim —logP ! = —00. 1
5—11—,+-noo )\—1>I—&I-loo A °8 LSS%)@ d(ﬂ-S’ M ) - > (7 0)

Proof. As an example, we show the first result (7.9), which is the easiest one and for this reason not
completely detailed in [12]. Let us define the random set containing the labels of the tagged particles

SAi{lgigN, LZ-:1}.

Noticing that the number |Sy| of tagged particles does not change with time, and since whichever
normalized observable (h;);cn appearing in the distance d is bounded, we have

1 :
40,75 =3 1 > hi(ZL)

1€N JESA

S)l
< TZ”hiHOO'

1€EN

The latter sum being normalized, the condition d(0, 77) > A is reduced to asking, for a constant C' > 0
depending on these observables, that

Y
—= > CA.
3 C

Thus, we have
E {Q\SM}

P [ sup d(0,77) > A
s€[0,t]
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by the Markov inequality. We know very well the initial distribution discussed in Section 2.4, and in
particular we have a formula (5.7) for the partition function, that harnesses symmetry to write ¢ = [£,|
the number of tagged particles in the following computation

Y — q. ®p+q,®pq ...
E |:2 /\:| Z 2 p q' /M (PO ILXP“F‘Z
“ p,q=0
- Z Z ®p+q ®Q]1
X€
“pq>0[l0l'q_l!] pq'/ pra

Hence, we use that 1 xe <1 xe, and invert the sums, eventually computing an index shift to get

1 o Alwoll)' s~ AT'w? I ®q—
[Sxl il ®p+q—1, _®q—1
E[25] < 20 D e Rl e S

q=l
< zq: (AMllgoll)! 1 Z AP /M®p+q D47 e
= 2 T Z, =, plg! Xotq

— Aol

recognizing the partition function Z,. In the end, we obtain

P’[sup d«Lﬁf)2<A]j§exp(AH¢0H——Cﬂog2AA>,
s€[0,¢]

which concludes the proof of the first statement in the mixed scaling (Sc ;).
The second statement (7.10) follows from the previous bound and the estimate on the cumulants
given in Proposition 6.5.1, with the same proof as in [12, Proposition 7.3.2]. U

Proposition 7.2.2 (Tightness of the fluctuation field). There exists a distance d, based on some nor-
malized bounded observables, and associated to the strong Skorokhod topology on Traj([0,t], M(D)),
such that

li lim P d0,¢8) > Al =0
LI 8 ng?ﬂ (0.6) 2 4]

and for any n > 0,

lim lim P| sup d(¢5,¢5) >n| =0. 7.11
lim Tim Ls_sfﬁla (G =n (7.11)
The proof of this proposition is once again identical to the one in [12, Proposition 6.2.3], using
the bounds proved in Proposition 6.5.1. Note that in the integrated form, dominating roughly the
bounded observables, it is easy to remark that the bounding estimates that are true in the non-linear
symmetric case remain true in our linear tagged model, since by symmetry one can rewrite the sum

over the tags £, as

®
Z AN p=lel [ g p®r ®£P]l dz, = uP | MEP i +1 p]l <dz
& g Po  lazdz, =p 8 MQDD X5 Hzps
£,€0Ap

which formally corresponds to a bounded symmetric initial data [Mg(p,eo + 1)].
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7.3 Convergence of the fluctuation field

Since the fluctuation field (¢;) defined in (2.23) is tight by Proposition 7.2.2, identifying its limit
moments is enough to characterize its limit, as they decrease fast enough (see the method of moments
in [8, Theorem 30.1]). Hence, to identify the limit fluctuation field with a Gaussian process, and to
find its covariance, we consider the following sampled observable

J
H(Z,0) = 1pmy Y 4y (219

Jj=1

For simplicity, we denote f,(t) = fu(t,£, = 1,,) and Fy(t) = Fi(t,¢; = 1) the cumulants associated
to the tagged particles only. Recall that the random set Sy contains the labels of tagged particles.
With the same notation as in Corollary 4.1.1, we have

Z[Z%Z[“ [ ) ]

] 1 |i€e8y

To characterize the law of this fluctuation field, we look at its Fourier transform, using the generalized
cumulant generating function (6.9) to write

. J
E {eicﬂH]] = exp (6[0 ] [ZH]> exp —iﬁZ/Ff(Hj)wj . (7.12)
\/X j=1
Expanding the cumulant generating function (6.9) yields
H
o[l -5 [ 5 -]
3 \/X p>1 p| fp

M,/f,,[ H—H2+O<|\1/LIXH)].

Using the estimates on the cumulants stated in Proposition 6.5.1, and the convexity of z — (1+ )P,

we bound for any p > 2
HHII)
1o
il eo (U

B [ =] <2

|
p=2 p:

MO HI L onp (||H|>p+1

so that

Then the cumulant generating function writes

es[‘”]{ ] /Fllsz—Jro(”\%")

where the first term simplifies in the Fourier transform (7.12). Eventually, in the mixed scaling (S: ,, 1)
this provides the following convergence

E {eiéf[H]} mexp( P 1/F1 [9] ( [9]'])})

A
+2(C|H|D?=
(@l H)M
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thanks to the convergence of the integrated cumulants shown in Proposition 6.6.3. By the method of
moments mentioned above, and thanks to the tightness (7.11) of the fluctuation field, ¢; converges
to a Gaussian process (;, with time-observable covariance

E[Glaln] = [ A [ozhnE0)] .

At each time, it is hence characterized by its covariance (7.1) with respect to observables. This
concludes the proof of Theorem 2, recalling that the expansion of the integral above has been identified
with the expansion (6.29) of the solution Mgy to the Rayleigh-Boltzmann equation. ([

7.4 Large deviations of the empirical measure

We explain here how the convergence of the cumulant generating function (Sections 6.6.4 and 6.6.5)
leads to the large deviation principle for the empirical measure (Theorem 3), following the method
of [12].

Upper bound Let F be a closed set for the Skorokhod topology. In particular, F is also closed
for the weaker topology given by the opens of the form

O 5(0) = {m € Traj([0, 1, M(D)) , |{h,m — v} < 5},

for observables h € C.° and measures v € Traj([0,¢], M (D)), where 6 > 0 is fixed (we recall the
definition (7.2) of the transport filtered mean). For any open set of this form, one can write

P(7 € Op5(v)) < E [exp(A{h, 75} — Mh,0} +A5)] .
Now, since by definition
. 1 0 ! s
h . :
hi) =33 1 (629 + [0+ v an(s2)].

and harnessing the definition (6.9) of the cumulant generating function, we get
P(#5 € Oy 5(0)) < exp (@g’ﬂ [ht + / (0 +v- Vx)hs] — {0} + )«5) .

Taking the limit superior, thanks to the convergence (6.30) of the generating function, and using the
notation Z(t, g) for the limit cumulant generating function (6.31), one has

1
limsup — log P(7; € Op5(0)) <Z(t,h) —1—{h,0} +4.
e—0 A '

By definition of the Legendre transform (7.5), for our fixed § > 0 there exists an observable g € B; 3
such that
{970} _I(t7g) +1> A(ta U) - 57
so that
1
limsup —log P(7; € Oy 5(v)) < —A(t,v) + 20.
e—0 A

By the tightness result stated in Proposition 7.2.1, F is in fact compact, and one can extract a finite
covering of open sets F € UF_, O, 5(v;), so that

1
lim sup 3 logP(7; € F) < — }2£A(t, v;) +20 < — ggbﬂA(t, ) + 26.

e—0

The result (7.7) follows, considering that 6 > 0 may be chosen arbitrarily small.
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Lower bound The lower bound follows from more elaborate methods, that works only for mea-
sures v such that the Legendre transform A(t,v) is reached for an observable h € B, g, which is the
case when v is a strong solution of the biased Boltzmann-Hamilton-Jacobi equation (6.35)

(0s —v-Vg)o = /dvcdw(v — Ve, w)+ Mpa(ve) (n(v’)ep(z)*p(zl) - n(v)ep(zl)*p(zv ,

for some p € B; 3, whence the restriction on the infimum defining the lower bound. The algebraic
details are exaclty the same as in [12, Chapter 7] and proceed of industrious topological considerations,
so that we do not replicate them here. O






Chapter 8

Geometric control of dynamics cycles

We prove here Proposition 6.6.2, adding the analysis of geometric cycle constraints to the bounds
proved in Section 6.5.2. Thanks to a fine computation to handle the appearing singularities (Sec-
tion 8.4), we achieve an optimal convergence rate in a full power of &, better than the previous
existing one [11]. Section 1.5 in the introduction gives some context and insights on this proof, and
the methods we use in it.

8.1 Parametrizing the cycle

First of all, it will be useful in the following to parametrize the encounters in terms of the angle o
instead of w (see Section 2.2 for the associated change of variables). For a general cluster R = pj, at
fixed number of added particles k; and fixed labels, we want to show that the cycle condition in the
following integral

_ 2
Z /ﬂTg:’rdﬂr—H@dQEszET H 36|Um(7_e+) - Um’(TeJr)‘e Alleril X 11(15% (8'1)
TETIg,k ecEy

leads to similar bounds as without the cycle constraint (see (6.27) and the final Section 8.5 of this
chapter), with an additional small factor €. This way, we will then be able to use the same computa-
tion as in Section 6.5.2, when bounding the integrated cumulants, gaining smallness from the cycle.

We have denoted v,., 4, = (vg,v}), and we define V = max(1, ||v,,4||2) to control the total energy.
For simplicity, we will not precise in all the following, every time we use an adverb of time, that time
1s looked at backwards.

Let us hence suppose that two particles, say i and j, create the first cycle at a time t. € [Tet1, 7c),
through a non-clustering collision or overlap. The cycling condition imposes strong geometric con-
straints, providing smallness when integrating over well-chosen parameters in the dynamics, re-
strained to small geometric volumes. Nevertheless, to integrate over a collision angle in (8.1), we
need to make sure that the velocities appearing in the product over the edges do not depend on
this angle: we will hence start identifying the corresponding edges, and sum over them to make the
associated velocities disappear like in (6.25) and (6.26).

The parametrization of the cycle will depend on whether one of both particles ¢ or j has undergone
a deflection between ¢t and 7, or not. We hereafter define the relevant interactions to parametrize the
cycle. Should it be the case, let us denote k the particle that deflected i at the closest time 74 > 7,
and if such a deflection never happened let us denote k the particle that overlapped ¢ at a closest
time 7oy > 7. One can arbitrarily choose ¢, among ¢ and j, to be the closest to have been deflected,
or to have been overlapped if none of both has ever been deflected. Eventually, something that might
happen is that the first connection between i and j (before their cycle) stems from i overlapping a
fourth particle (call it [), after having encountered k (see i, j, k,[ in Fig. 8.1).
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The choice of this configuration (i,j,k,1) € [1,r + k]* and of (7, 7d,Tov) € {Tp}p<rik_1 corre-
sponds to a combinatorial factor of order (r 4 k).

Since the first cycle happens between 7. and 7.1, before the time 7, every encounter is clustering,
registered in the tree T, and every velocity in the dynamics thus only depends on the signs and angles
associated to the edges of Y. This way, we may sum over these edges like in Section 6.5.2, as soon
as we do it in an order respecting the interdependence among the encounters.

The set K C Evy of edges possibly impacted by the collision between i and k at time 74 is defined
as follows: we start with all the edges between 7.1 and 0, since the cycle happens before (as we look
at time backwards, time 0 is after the cycle occurs). Then, we can define the connected component
of k when removing the edge 74 between ¢ and k, component of which we add to K all the edges after
the deflection time 74 (see the definition of the dynamics tree in Fig. 6.1). Eventually, we add to K
all the potential overlaps undergone by ¢ after 74, apart from the one with [ if appropriate, since we
need it to close the cycle. We hence condition on this set K, which corresponds to a factor 2° once ¢
is fixed, and we can sum beforehand over all these edges as in (6.25) and (6.26). To be finally able
to integrate over the deflection angle o4 associated with the time 74 without impacting velocities in
the product over the edges, it only remains to dominate roughly the one associated with the overlap
time 7o, in the deflection case, as follows:

0i(Tev T) — v1(7y T)| < 2V.

This factor will be found back in the final estimation (8.10). We will now treat both cases separately:
as said before, if one of both particles has been deflected before 7., we will use the angle o4 of the
corresponding collision to parametrize the cycle condition. Else, we will use the distance between
the aggregates involved in the closest overlap. Both ways will raise some singularities in velocities,
that we will control afterwards, in Section 8.4.

8.2 Deflected case

If one of the particles has been deflected before 7., we have fixed the closest deflection, involving
i and k at time 74. Taking the encounter time just before 74 as a reference (call it 79), we shall

denote u;, uj,uy the velocities of particles i, 7,k between 79 and 74, and u;,ug«,u% these velocities

between 74 and t. (cf. Fig. 8.1). We first suppose that k # j. Then, there are three possibilites for
the origin of particle j, considering that at time t. it creates a cycle with ¢: it can stem from the
connected component C; of ¢ at time 7y, from the connected component Cy of k at time 79, or from
the connected component C; of a particle [ overlapping 7 at a time 7oy, between 74 and 7, (Fig. 8.1).
The dependency of x; — x; along the setting at 7 is different in each case.

> If j is in the connected component of i (Fig. 8.1, top left), this is the simplest case and
[z — 2j](te) = [ — x;](70) + (ra — 70)[wi — uj] + (tc — 7a)[ui — ;).
> If j is in the connected component of k£ (Fig. 8.1, top right), then
[ — j](te) = [wi — @ + 23 — 25](7a) + (e — 7a) [uj — ]
= ewq + [z — zj](10) + (Ta — 70)[wr — uj] + (tc — 7a)[uf — u;].
> Eventually, if j is in the connected component of [ (Fig. 8.1, bottom left), then
[z — @] (te) = [ws — 20+ 21 — 2] (Tov) + (te — Tov)[u; — uj]
= ewoy + [21 — 2;](10) + (Tov — 70)[ur — 5] + (te — Tov)[uj — uj].

Actually, it may happen that w; is deflected between 7y and 7oy, yet it only requires to change
the term (7ov — 70)[w; — u; ], splitting it according to each segment between two deflections.
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Overlap case

Deflection case 3 (j stems from Cj)

Figure 8.1: The three deflection cases, and the overlap case

In each case, using the cycle condition [z; — x;](t.) = ew. + (, for a ( € Z% due to the periodicity of
the domain and satisfying || < tV, one can write

(te — 7)) — uj] = Az (7)) + ews, (8.2)

where 7, € {74, 7oy}, with Az(7,) is independent of wq (see the explicit formula (8.5)), and where
wy € we — {0, wq, woy } satisfies |w,| < 2. This relationship (8.2) defines a cone to which u} — u; must
belong to achieve the cycle, whose height depends on the relative position of ¢ and j at time 7,: if
Az(Ty) is large enough compared to e, we will be able to control the height of this cone, and hence
its angle, which constrains 4. Otherwise, it will provide a strong condition on the encounter times.
First, if

|Az ()| > 4e, (8.3)
then
(te =7l — ] > 22T,
so that ) v

< :
lte =7l — |Az(7)]

> o

> o
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Now, the value of Ax(7.) is respectively given by

[xj —l’i](To)—i-(Td—To)[Uj —ui] lf] ECZ‘,
A‘T(T*) = [:Bk — l’j](Tg) + (Td — To)[uk — Uj] ifj € Cy, (85)
[z — 2] (70) + (Tov — 70) [ — uy] if j € G,

which is affine in 7, € {74, Tov}. Hence, denoting (7. — 75 )Au the projection of Az(7,) on the relative
velocity Au € {u; — u;, ur, — uj,u; — u;} according to the considered case, one has

| Az (7] = (7 — 79) Aul.

Thus, using (8.2) and (8.4), we know that

o — Ax (1) + cws
1 J ‘tc _ 7_*‘
belongs to a cylinder of width at most
4eV 4eV

< )
[Az(r)] ~ [(r = 75)Aul

(which contains the previous cone of controlled height, cf Fig. 8.2, a.). Hence, u} also belongs to such
a cylinder, since u; remains unchanged. Now, the deflection condition states that

g — (s + k) /2] = |ui — ugl /2,

so that u} — (u; + ug)/2, whose direction is given by o4 (see Fig. 2.2), also has to belong to a sphere
of radius |u; — ug|/2. The intersection of this sphere with the previous cylinder is included in the
union of two cones, of which solid angle is maximum when the cylinder is tangent to the sphere (cf.
Fig. 8.2, b.), namely

EV d—1
Cygmin |1, < ) .
a [ (7 — 75) A - Ju; — ug] ]

el sin(u,v)| !

Figure 8.2: Geometrical estimates
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Eventually, denoting 1;5; the condition that ¢ and j create the first cycle within the tree T, we can
bound the following integral using that d > 3,

eV d—1
1, < in |1, ; .
/ ijdoadr. < Cq > /mln [ (|(7'* ey W Uk’) ] dr. (8.6)

[4i52%

Vv eV (d—1)—(d-2)
< df &tV _
< Ca(tV) < — 2)[|M|‘|ui_u]€|]

(8.7)

Finally, if the condition (8.3) is not satisfied, then the condition |7 — 7| < 2¢/|Au| provides an even
better bound integrating over 7., with the same singularity |Awu|™!.

The case k = j is treated in a similar manner, without singularity since the disjunction on
the height of the cone is not necessary: the cycle must occur because of a periodic shift ¢ # 0ya,
necessarily providing a height larger than 1, which yields a negligible term (of order ed=1 see for
instance [11, proof of Proposition B.2]).

8.3 Non-deflected case

If none of both particles ¢ and j has ever been deflected, we have considered the closest overlap,
involving ¢ and k at time 7,,. Taking the encounter time just before 7., as a reference, call it 7,
we will use the same notation as previously, knowing that none of the velocities changes between 7q
and 7o, and that the velocities of i and j are given by their initial velocities v; and v; (see Fig. 8.1,
bottom right). Then, the overlap at time 7,, and the cycle creation at time t. give respectively the
following conditions

{ 24(70) = 24(70) + (o — 70) (uk — ¥3) = Gov + ety (8.8)

(7o) — 2i(70) + (tc — 70)(v; — vi) = (e + ewe,

for some (Cov, Cer Wov, we) € (Z4)? x (ST1)2. Since before 7, all encounters are clustering, removing
the two encounters t. and 7., divides the past encounters that involve ¢ and j into two connected
components: C7 containing j and k& and Cs containing ¢. By construction, when &, varies alone,
both dynamics components C; and C move rigidly one with respect to the other, and the distance
x(10) — xj(70) remains fixed, so that

Toy = x1(10) — 24(70) = [21(70) — 25(70)] + [2j(70) — 24(70)]

has to belong (8.8) to two cylinders of axes (ur — v;) and (v; — v;) and of common width e.

If j # k, the volume of the intersection of these cylinders is of order %] sin(ug — vi, v; — v;)| ™" (cf.
Fig. 8.2, c.), so that with the same notation as in the previous deflected case (8.6), recalling the
changes of variables (6.18) and (2.5), we have

(tV)%¥ . ¢
| sin(ug — vi, v; — v;)| - Jvi — ug|’

p .
/ﬂinda'ovdTov = m /L’de%v < Cd (89)

If j = k, since none of the particles has been deflected, this means that the cycle is due to the
periodic conditions with (o, # (.. Hence, the difference of both lines of the system (8.8) provides

(TOV - tC)(uj - ul) = (Cov - CC) + E(wOV - Wc)7
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so that for € small enough (u; — u;) must belong to a cone of opening at most 3¢, and integrating
as before over v; and v; provides a negligible term (of order el see once again [11, proof of
Proposition B.2] for instance).

8.4 Handling the singularities

Now, we are left with some singularities to handle in our bounds (8.7) and (8.9). To do so, we will
either: use some of the relative velocities appearing in the product over the edges to cancel them,
use a previous deflection to integrate them, or integrate them using the initial velocities v,., in the
case where there is no such deflection. First, the singularity |u; —ug| ™! in (8.7) and (8.9) appears in
the product over the edges in the integral (8.1) that we want to bound, so that it cancels out. The
remaining singularities above hence consist in

1 1 1 1
+ + + — .
luj —wil  Juj —ukl  Juy —w| o [sin(ug — i, v5 = vi)

For one of the three first singularities, of the form, |u; — unlfl, we will discriminate on the history
of j and n.

If j or n has been deflected by a particle m at a closest time 75, we will integrate over this collision’s
parameters. If this deflection is between j and n, by the scattering identity |u; — un| = [u] — uy|
between post and pre-collisional velocities, the singularity cancels out in the product over the edges.
Otherwise, let us say by symmetry that j is colliding m # n, so that in particular u,, does not depend
on o3. Using the deflection equation (2.4), we write

[uy — ur,|
’u,n—i-ij mUa

do= dde /
dosdts
ozdty 5

[uj — un]
2

We are brought back to studying an integral of the following form, computed in hyperspherical
coordinates (cf. Section 2.2) for w = (1,0,...,0), its maximum value being reached for any |w| =1,

d T ; d—29 B
70:061/ ST a9=a,
lw + o 0 v1—-cosf

uy + up, — 2up
[uy — g, |

+ 03

The remaining singularity ]uj* — u*m|*1, due to the collision, now appears in the product over the
edges in (8.1) and hence get cancelled like |u; — ug| ™!

Nevertheless, to be able to integrate over these parameters (oz,7;), we first need to dispose of
the velocities that are impacted by them: as we did for K in the beginning of this section, we fix
the corresponding set J of edges, and sum over them beforehand (along with the choice of K, this

choice of two disjoint sets corresponds to a factor 3°).

If neither j nor n has ever been deflected before 74, we integrate directly the singularity over

By . o
the velocity v; at time 0, using part of the exponential decay e_5|”7|2, as the singularity is locally
integrable in dimension d > 1.
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The sine singularity only appears in the non-deflected case, and so is integrated in the same way
over v; and vj, using for example once again hyperspherical coordinates

*022 v+vz fv,
dvjdv; = / / dv | dv;
| sin(uy — vs, v; — v;)| | sin(ug — v;, v)]

d—
S/ C’d/ —1=r?+2fo; ST 0 9d9dr e Vi dv,, < Cy.
| sin 0]

8.5 Final estimate

In the end, we have obtained enough smallness and there is no more singularity, so that we can
eventually sum over all the remaining edges, and conclude the domination as in Section 6.5.2, yielding
the same bound as (6.27). The choice of the disjoint sets K, J C Ey gives a factor 3°, which becomes
3rtk /2 with the sum over ¢, so that we get the following final bound (the constant C' stemming from
the different cases)

Z /]le vdv, pdop drp., H Se|vm (Te) — v (1) e Bl I ><]lQ (8.10)
TETng e€Fby

k-1 rak—1
<O(r+k)T3r+e cEa— /dUer (r + k)1 ( (r + k)VQ) L y2d+1,

e (Cy (4 )t

Compare this bound with (6.27), in Section 6.5 dedicated to the bound on the cumulants (Proposi-
tion 6.5.1):

Z /]le vdv, g H Se{Vm (Te ) — vy (Te ), we ) 1 dwedTee ~Blle il
TETS e€by
< (Cdt)r+k71(7q + k)rfl

which led, in the following paragraph Last step: combinatorial manipulations in the latter proposi-
tion’s proof, to the bound

‘/fé[H][tree} ‘ CHn Zez IH Z Z C t rjtkj—1kjtr;

j=17;20k;>0

Here, the constants are possibly different, but we gain an additional factor € on each cluster R of
size rj. Note that more precisely, 7q or 7,y has been integrated before, and v; and v; also might have
been integrated before with the singularities, yet it only changes constants in this bound. Eventually,
since the number ¢ of clusters is greater than 1, there is always at least one power of € added to the
bound above, whence the proposition.

Also note that the leading term in the bound above is the one corresponding to a single cluster (i.e.
to i = 1), in which we exactly gain a factor e.

Finally, let us sum up the whole strategy of proof: we fixed a configuration of cycle

[ivjvkalv (chTdaTOV)vja K]?

then summed over all the edges in K whose associated velocities would have been impacted by the
collision angle g4, so that we could integrate over the collision parameters o4, and T4 or 7oy, O Toy.
This made appear some singularities that we have handled by summing first over the edges of J, to
free some collision parameters or velocities, eventually integrating over them. ([






Chapter 9

Long time hindrances and solutions

This chapter proposes to reflect on our long time derivation techniques, all of them based on Lanford’s
method, in a kind of meta-analysis of the obstacles and solutions to derivations on more than short
times.

First of all, we discard a big amount of methods by a small heuristic argument based on the
time irreversibility of the limit solution, showing that a long-time derivation has to rely on the global
history of the system’s dynamics, keeping memory of all the interactions since the initial time.

We then explain how the pruning method presented in Chapter 4 performs such a procedure,
which hindrances it resolves exactly, and to what it corresponds technically, hence exhibiting the
need for a priori bounds. The following Section 9.3 recalls or details different ways of obtaining these
a priori bounds, and why in the case of cumulants we still face obstructions.

Eventually, the last section of this chapter is an opening towards an alternative method to bound
the successive-collision operators, which consists in computing bounds in an L!-space in velocities
so as to be able to harness large deviation results, to try to get rid of the bad factor n“* appearing
in the quantitative bounds for the n-th marginal, in Theorem 1. This method allows to explore the
possibilities of displacing the long-time obstruction from a loss of control on the number of particles
to a loss of control on the temperature.

As discussed in the introduction, we do not detail the new method calculated by Deng, Hani
and Ma [24] (to that end, see for example the paper by Bodineau, Gallagher, Saint-Raymond and
Simonella [14]), yet the following meta-analysis provides an insight of the difficulties to which they
had to respond.

9.1 The dead-end of a method without history

We first harness the limit irreversibility of the system to justify heuristically the fact that any method
to compute a long time derivation must keep track of the full history of the dynamics. Indeed,
since Lanford’s method shows the derivation on a short time ¢1, one may want to use the rate of
the convergence of the correlation functions F, to the tensor product of identical solutions of the
Boltzmann equation f, to restart Lanford’s method from t¢1, eventually covering large times iterating
this method. Actually, that was historically the first argument to try to derive the linear Rayleigh—
Boltzmann equation in the long time, using the a priori bounds to push the derivation further in
time, step by step.

More precisely, let us imagine that one can show that in some functional space X, the error at a
time ¢1 > 0 can be bounded from the error at time 0 as

175 (t1) — [ (t)lx < C(1,n)|IF5(0) — £ (0) ], (9-1)
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for a constant C'(1,n)—(or more generally a bound depending on the initial error for every higher
correlation function (F,;)r>0 appearing in the hierarchy). Imagining that the constant is not too
bad, and assuming strong estimates on the solution f of the Boltzmann equation, one may try to
iterate this method K times, on successive times 3 < ... < tx diverging to infinity, hence covering
arbitrary large times.

Nevertheless, should such a method work, one could choose a time t; halfway to tx, and restart

Lanford’s method from the error
1Fy; (t) — fE" (8] x, (9.2)

but for the reversed dynamics, looked at backwards in time, which merely corresponds to the Newton
microscopic equations
doi _ dv;
a -~ dt
and to inverting formulas between pre- and post-collisional velocities. The corresponding transport
operators are

=0,

Oi(t) = Bi(—t),

and the pre- and post-velocities are inverted in the collision operators. The same study as Lanford’s
show that this dynamics leads to the Boltzmann equation backwards in time [10]. Since the bounds
at time t; ignore the previous history, the large time derivation now leads to the convergence of the
first correlation function to the solution to the forward, then backward Boltzmann equation, with
inversion of the velocities at time ¢;:

o ) for t € [0, ;]
f(t) = { f(ti —t,xz,—v) for t € [t;, tx].

That solution should coincide with the solution to the Boltzmann equation by uniqueness of the limit,
which contradicts the irreversibility of this solution, which relaxes in large times to the Maxwellian
state. Hence, there is no hope for such a method, without memory, to work.

9.2 Pruning methods

From the previous section, one can see that an iterating method to derive a Boltzmann equation needs
to have memory, and to keep track of the dynamics history. In a very elaborate, and industrious way,
Deng, Hani and Ma [24] define a clever algorithm to show that the pathological pseudo-trajectories
have a negligible influence on the evolution of correlation functions. This method allows them to
derive the Boltzmann equation on large times, assuming bounds on the regular solutions to the
Boltzmann equation, uniformly in time.

In this section, we detail the technical obstacles that our pruning method allows to overcome,
and explain its ideas from a computational point of view. Indeed, in the case of the Rayleigh gas, in
a simpler way, one can use the a priori bounds on the correlation functions to discard the pseudo-
trajectories containing too many collisions. Looking at the whole dynamics history, we choose to
consider trajectories that grow less than exponentially in time, this way determining a favoured
direction of time: it keeps track indeed of the whole evolution of particles, in a far coarser way
than [24].

This method can be seen as a pruning of the trees constructed from the pseudo-trajectories
(Section 4.6), and the key point is to discard the pruned-out trajectories (the ones containing too
may particles). In the method that we presented in Chapter 4, it is made thanks to the a priori
bounds on the correlation functions, since each pruning appears at a certain time t7, and makes
appear the correlation functions (F(tF))n>0 in the pruned-out term.
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From a technical point of view, when we iterate the Dyson expansion (4.4), like we do in the
pruning computation (4.28), each successive-collision operator @ Ni1t, makes appear a factor cNi
due to the Cauchy—Schwarz estimate on the collision kernels. If one would ignore these factors and
perform an expansion without taking them into account, since the Lanford time depends on the
initial bound, which would get bigger by a factor C™Vi at each step, each further expansion would be
computed on a downgraded time interval

hy = C"C"H L O K Ry,

resulting in a (very quickly) converging series

Zhi<00,

i1

leading to a convergence on short times. The link between time and number of collisions is further
discussed in Section 9.4.

The key point in the pruning computation, to perform a long time derivation, is to set apart
these factors C", factorizing all of them in a big constant, to let the iterated time intervals remain
of the same order, eventually obtaining a (slowly but surely) diverging time series. Nevertheless, in
return we need to control the size of these stacking factors

nn+j n—+J,
cnomtin | onHIk

which depends on the number of collisions (j1,...,jx). This is precisely the reason why we need to
control the number of these collisions, by pruning the trajectory trees. Eventually, since the stacking
terms above, that have been set aside, have a controlled growth, we are able to compensate them by
a small fraction of the converging rate £ (Section 4.8). In the end, as we said before, it remains to
control the size of the pruned-out term, thanks to a priori estimates.

Next section discusses the methods used to get a priori bounds.

9.3 A priori bounds

As we presented in Section 4.4, we can get a priori bounds on the canonical marginals from the fact
that their initial data is controlled by a Maxwellian distribution, which is stable by the transport
flow, and the fact that the transport flow preserves such bounds. To get bounds on the grand
canonical correlation functions from the ones on the canonical distributions, we had to perform a
combinatorial analysis of the grand canonical distribution function (Section 5.4), eventually leading
to useful a priori estimates, stated in Proposition 4.4.2.

Another way to get such estimates, that we present here for curiosity and later studies, is to
use the link between correlation functions and the moments of the empirical measure (2.19), thus
harnessing more deeply the reversible structure of the microscopic flow.

Note that for the cumulants, the first method has no chance to work, because of the non-linearity
of the equations they satisfy (6.5). A method like the one we present below has more chance to yield
a priori bounds on them, since the cumulants are also directly linked to the moments of the empirical
measure through their generating function (Section 6.1, Definition 6.1.1).

Indeed, let us observe that the cumulant generating function is defined (6.2) as

n—|L,| ¢ n [t
E{ . H]} Z Z / dz, L (2,) 00 " (20 ) MT (0, ) e 106

K n>0 L,
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On the other hand, when we have performed its expansion into cumulants, we showed halfway the
following expansion (6.1) in correlation functions

B[] = 1430 1 30 A [ R )M - )P,

n>1 E nEAR

Both formulas clearly exhibit analyticity with respect to the observable H, so that we introduce the
observable uH, for u € R close to 0, and differentiate according to this parameter both writings.

In u = 0, we get heuristical bounds for all times ¢ > 0 on the derivatives from the first formula
by writing

Oy [ermilutl] *ZZW |“ - /dz s (20) 05" (20, ) M§" (v, (ZH 1 ¢, )

H n>0 E

s —1¢,,]
HHH > >on / Az, Loe ()20 ™ (20, ) MG (0,)

“ n>0 ¢
= [|H[]* x E[N?].

On the other hand, we retrieve the correlation functions from the second formula, writing for example
DE [ernileH)] zej Ayt / FE(t, 0 H (D),

then

O [ermileH) NN / F(t, O H(0) +2 ) A2~k / F5(t,0)H(61)H((y),

-0
v I

Lo
etc. As we commented when we defined the cumulant generating function, the observables (eff —1)®"
make appear combinatorial factors, but we still get good bounds for small correlation functions: for
example, we just proved that for any ¢ > 0

A [ FEOHO) + [ Fi 0] < 1H] B~ ]

which could also be refined by looking at observables that only consider tagged particles (see for
example (6.4) in the case of the cumulant generating function).

Nevertheless, this method does not work directly for high correlation functions, or for cumulants,
because of the combinatorial factors. Changing the combinatorics of the generating functions might
allow to get rid of this technical obstruction.

Let us also observe that similarly at the limit, characterizing limit cumulants as derivatives of the
limit cumulant generating function could lead to bounds on these limit cumulants, provided some
bounds on the limit cumulant generating function.

Finally, let us observe that the naive a priori bound on the cumulants, using their Definition 5.1
and the a priori bound (4.19) on the correlation functions, yields by the same usual decomposition
of the partitions (as in Lemma 5.4.1 or the final step of the proof of Proposition 6.5.1),

@] < Y- (ol = DIFG ()

O'Epn
(j— 1) n! n ~CoNj
Z [ 2 kll...k-!COC '
=1 ki4-+kj=n J

ki,...kj>1
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Ignoring the condition on the sum of indices kq + - - - + k;, we sum over each one of these indices to
find the final bound

(D] < Cpnl Y CON (e — 1)

j=1

< Chnl - CM,

In itself, this would not be that terrible of a bound, but the thing is that we lost all the fine compen-
sations between correlation functions, that yielded the factors £%=1) in their initial bound (6.23),
which are highly needed to get bounds on the cumulants at time ¢ > 0 (see the proof of Propo-
sition 6.5.1). The cumulants are small objects, constructed on fine cancellations in the dynamics,
which makes very hard to prove a priori bounds on them.

9.4 Bounding the collision operators in an L! setting

In this section, we present a heuristics that modifies the way we bound the successive-collision
operators, leading to a different way of controlling the pruned Dyson expansion (4.28). Although we
do not exhaustively detail the proof of the whole derivation, we give improved estimates on the main
term of the Dyson expansion, in Propositions 9.4.4 and 9.4.5.

This method relies on large deviation methods, used to justify the fact that the velocities cannot
concentrate around zero: this way, the kinetic energy

n

luall® =D lvif?

=1

has to be big enough, so that the Maxwellian weight

exp (—(8 = 8)vall?) (9:3)

stemming from the initial control, has to provide better smallness than the Cauchy—Schwarz compu-
tation. Nevertheless, these large deviation methods only work in an IL,ll) setting, when we look at the
average behaviour of the collision operators, and is immediatly hindered in the previous L.°° setting,
in which rare events such as concentration of velocities around 0 have a great weight.

Using this method, we displace the obstruction to large times from a limitation on the number of
collisions to a loss of temperature. The fact that these two parameters usually cause a restriction to
short times can be seen in the proof of the wellposedness of the BBGKY hierarchy for general initial
data. In [34, Proposition 5.4.1], the collision operator applied to the whole hierarchy F satisfies a

bound of the form ) )

CF ! ! S C ( + ) F 9

where 3/ < B tune the temperature, and /' < p weight the number of particles implied, directly
linked to the number of collisions implied in the trajectories. This estimate suffers both from a
loss of control on the temperature and on the number of particles, because of the Cauchy—Scwharz
argument that absorbs the velocities

n

> Juil

i=1

appearing in the collision operators, using part of the exponential decay (9.3), eventually making
appear the number of particles and the temperature. By a classical Banach argument, the loss on
this operator leads to a loss of control on the solution over time, eventually stopping the process in
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short time once all the controls are exhausted. Along with the discussion of Section 9.2, that gives a
nice philosophical insight into the fact that time and number of collisions are deeply connected, and
that the short time of existence of the solution to the general Boltzmann equation is precisely due to
the overabundance of correlated collisions in the dynamics. The same kind of bound might be found
in various situations concerning the Boltzmann equation, for example in the short time variant of
our Proposition 6.6.6, in [12, Proposition 7.2.1]. In the following, we try to gain on the loss over the
number of particles, downgrading the loss over the temperature, in an ]Lll,—framework.
We hence consider the weighted spaces

T = Ly(Mz LY

and
T =L (Mg LY,

eventually denoting Lé =Li(Mm 5 b,

We do not consider the tags in this heuristical section, imagine for example the case of a single
tagged particle in a gas initially at equilibrium, like in [9, 31]. Like we did in Chapter 4, we want to
bound an expansion of the form

IEZOlls < D 1Qnm () Fr1n (0)]5- (9-4)

m=0

In the preceding Section 9.2, we explained how the pruning method allows to control the stacking
factors C" stemming from the bound on @ ,,. We propose here to get rid of these factors in
an ]L}; framework, to upgrade the dependency in n of the convergence rate for the n-th marginal, in
Theorem 1. Indeed, if one gets rid of these stacking factors, one could expect a way better convergence
rate and time scaling for the validity of the theorem, as we saw in Section 9.2, and in the computations
of Chapter 4, that these factors are the main obstruction to upgrade these estimates. Nevertheless,
the L}g method comes at the cost of a different dependency on the temperature increments performed
to bound each operator. Indeed, where the Cauchy—Schwarz arguments (see Proposition 4.5.1) led

to a bound in
n( Cyt )k
e e T b
(B—-0)

(75)
B-p)"
getting rid of the dependency in n, yet losing on the decay in (38— f’). This decay is crucial because in

a decomposition in K time intervals, each successive-collision operator is estimated with an increment
of order

we go here to a bound in

! 60
ﬁ_ N?7

so that it is deeply linked to the size of the total time interval, which is not directly improved by this
heuristic method.

For any n > 0, we assume that initially the Fé—norms are small, with the idea that through
the large deviation heuristics one can propagate this smallness. We consider the natural initial
hypothesis, similar to the one proved in Proposition 4.3.1,

15 (0)ll 7y < Co"e. (9-5)
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On the other hand, we know that the large deviation heuristics cannot propagate smallness in F3°-
norm, so that we merely assume for all times ¢ > 0 the usual a priori bounds that can be found in [9, 31]
in their non-mixture version, comparable to the bounds (4.19) that can be found in Chapter 4.
Namely, we assume

1 (D)l Fge < Co” (9.6)

We present in the following section the main decomposition of the operators on which the heuris-
tics relies, then prove the essential results, before explaining how this method leads to an alternative
long time derivation in .7-"/%, in the last section of this chapter.

9.4.1 Heuristics of the large deviation method

Recall the definition of the successive-collision operator (without tags in this section)

t rt1 tm—1
Qum(t) = /0 /0 /O On(t — 11)CnOns1(t1 — t2) -+ Coton 1O ()b - 1.

Following the classical method to estimate this operator, we will use a fraction of the exponential
decay to resorb the sum of the velocities, writing Pluall® = eF'lleniall? o= (8" =Allwnll e =F'lon+1* “The new
computational idea consists in observing that if the velocities do not concentrate on too small norms,
the exponential gain yields far better estimates; it will hence remain to control the configurations
where the velocities concentrates around 0, in the L}g norm in velocities, thanks to a large deviation
principle.

First, for non-pathological configurations (when the velocities do not concentrate around 0), we
have the following lemma on the exponential gain.

Lemma 9.4.1 (Control under non-concentration assumptions). Let us fix n > 0 a threshold for the
modulus of the velocities. We assume that there is a large enough proportion of velocities that are
greater than n, i.e. that for a proportion p € (0,1)

#{vi

The set of velocities vy € RN satisying this condition (9.7) is denoted A%N). Then, for any inverse
tempertaure A > 0 one has

il >, 1<i <N} >pN, (9.7)

1
“Aleyl?y S
e .
oneA) = eApNp2

Proof. The proof is elementary; we use the fact that for vy € A%N )
N N
lonl?= > foil*+ > |uf> > 0+pNr?,
i=1 i=1
lvil<n [vilZn

and then observe that > 0 = ze™* < e ! to deduce

e Mlenl? < g=ApNn? < #
eApNn?

]

Starting from the definition (9.4.1) of the successive-collision operator, we want to bound each
collision operator Cy, on its time interval [rc,T] = [tg—n+1,tk—n). The I[‘,}j—norm is preserved by the
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transport operators since the exponential weight only depends on the kinetic energy, so that for a
general function Gy1q € J-"é,, we can compute

k
100 = 7)CuGri (7o), < [ iy D0+ o) -Gl e+ w0, ) 21
i=1

k
. 2
# [ dwduear 300+ ol - [Grsa (2 i 4+ e, ) eI
=1

Z[TC} is determined by the velocities v, = v;.° and the backwards transport flow. Using the

usual change of variable that harnesses the reversibility of the flow, the study of both terms above
can be brought back to the study of the first one.

For this term, the idea is to split the integral defining the collision operators, according to the
non-concentration assumption (9.7) that defines the set of velocities A,(YN ). More precisely, at fixed 7,
let us define

where v ECT]

Ck: Ck]lA%k) + Ck]l@
= o +

where C’g contains the good non-concentration cardinal assumption and CZ the pathological one.
Then, we write

01CnOni1 - Cogm—1=0,ChO, 11 .. .CL (9.8)
m—1
+ 36,0 Cotit OnikChg Onsri1Ch oy Ch 1,
k=0

and according to this decomposition we define naturally

Quan(t) = Qh (1) + Qi (D)- (9-9)

We are left with two different terms to estimate, each one of them being the subject of one of both
following sections. We start by bounding the successions of collision operators in both terms, to
emphasize the origin of the different factors in the estimate, and we postpone the time integration
leading to the final estimate on the successive-collision operators to Section 9.4.4 for both terms.

9.4.2 Bounding the non-pathological term

We use here Lemma 9.4.1 to control the first non-concentrated term, to obtain the following result.

Proposition 9.4.1 (Bound on the non-concentrated part). Considering an initial temperature By >
0, and an increment 63 < Bo/2, for any Fyim € ]:éo, we have

1 m
2mCd[1 +,87§]
H@ncg@n—kl---C£L+m71Fn+m”]-%07w S ( 56']77720 HFn-ﬁ-mH}'éO?

where the constant Cyq only depends on the dimension.

Proof. We choose to denote N = n + m, and for any z5_; € T“N=1 we bound the Lé—norm, with

respect to the velocities, of the collision operator, by the triangle inequality

vy €AY

N-1
2
chti\/—l(aNFN”L%3 < Z /deQN’"Uz‘ —un| [ONFN] (21, T +EUJ,’UN)€BHBN‘1H 1
i=1

UN_1 GA%NA) ’

N-1
+> /dwdyN]vi — on| [ONFN] (251, @i + ew, v} )ePlen—lq
=1
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Let us deal with the first gain term of the collision operator—the other one is computed similarly.
Writing that |v; — vn| < 1+ |un| + |v;|?, we have (ignoring the loss term, treated similarly)

ICh 1 OnFr Iy

N-1
=> /dwdQN|vi — un| [ONFN] (2x_1, i + cw, vy ) e Ienl* = lonl? eBlluy 17 g
=1

2N-1€A(UN_1)

N-1
< Z /dwdyN (Sup [ONFN] (.’UN)eB,'UN”2> (1+ ’vN|)e_B,|UN|2 {e—(ﬁ’—ﬁ)llvzv1||2]lv eA(N_l)}
im1 =N-1 n

TdN

N—1
+ Y /dwdQN (sup [©nFy] (.7UN)€/B/'UN2> v [2e~ (=Bl
i=1 TdN
For the first of the two terms above, we apply Lemma 9.4.1 on the factor between curly brackets to

harness the non-concentration assumption, and we bound the velocity |vN\ef/3l‘”N * < (2ep )*%, SO
that we get

|Cx_1ONFn Iy

wdvy | su o) el 1 ' et
< Z /d duy (delv) [ONFN] (un) ) (1 + \/W) T o

N-1
_|_ Z /deQN (Sup [@NFN] (.7UN)6/BIHUN”2> ‘rvi‘Zef(ﬁlfﬁ)”QN”2
i=1 TdN

c+C@E)F N #lunl?
SF-AN -7 & [ st (?TBE (O Nl (ruw)e

+/dwdyN (Sup [OnFy] (.7UN)65/”UN”2> oy ||2e™ ¢ =Blluxl?

TdN

c+C(8) 2 ¢!
= (B = B)(N = Dpn? (N —1)[Sql - HFN”]-';, + [Sal - ”FNHJ-'; YY)

BB
using the fact the transport operator preserves the ]-"é/—norm. Note that at the penultimate lign

above, we dominated the kinetic energy of the (N — 1) first particles by the kinetic energy of all the
N particles. As this bound is uniform in zy_; € TN we eventually have

ﬁ C(1+ B3
1€ tm—1 Ot (B ) Frem| 73, < WHFnerHf;,-

Now, we will iterate this computation m times to control the succession of non-concentrated collision
operators, choosing a constant increment
op
B-B=5
m
so that the successive inverse temperature 3’ remain between 3y and (/2 by the condition 65 < (/2.
Eventually, this leads to

1 m
2mC(1+ B, ?]
|OnCiOny1 .. .Cﬁm_lFMmeéM < (561»720 1 Enmll 5, -

This concludes the proof of the proposition. The factor m™ will be resorbed by the time integration
in Section 9.4.4, thanks to the denominator m!. O



142 CHAPTER 9. LONG TIME HINDRANCES AND SOLUTIONS

9.4.3 Bounding the concentrated term: large deviation method

The pathologically concentrated second term implying C’ is dealt with using a large deviation argu-
ment, and the a priori bounds in ]-"go. For a general term of the form

0:2’?2n(zm) = 0,(t —t1)Cn - Copi1 Onik(te — tis1)Ch g Ongiit (tegr — tk+2)CfL+k+1 . -warm_p

one can have the idea to discriminate the way we bound it on the value of n. Indeed, the large
deviation method only provides smallness for large values of n, and requires a priori bounds in ]:‘BX’ .
Nevertheless, let us imagine that one has a strong control in ]:51 of the initial proximity (or on the
proximity at a certain time from which we start our Dyson expansion); then for n small enough, one
can treat the pathological term as it is now classical to do in the litterature [9, 31], making appear
a factor ¢", which may not be that big if n is not too big, with the hope of compensating it thanks
to the initial proximity in ]-"51.
Indeed, when looking closely at the usual way how we bound the quantity

(n + m)m < en—i—m
m! -
appearing in the estimates of the successive-collision operators, one realizes that a finer Stirling
control can lead to a bound in
(n+m)™
m)!
with ¢ arbitrarily close to 1, up to taking C' bigger (see Lemma 9.4.2 in the following section).
We thus provide the following proposition, with two different bounds on the pathological term,
one classical with initial smallness in fé, and one using the large deviation argument, yet requiring
bounds in F3°.

<o,

Proposition 9.4.2 (Two bounds on the concentrated term). For any initial inverse temperature By,
and inverse temperature increment §3 < o/2, one has the following usual bound on the concentrated

term
C(n+m)

(k < (AT
et Pz, < (S ) sz

and the following one, harnessing a large deviation principle

n+k m
n+m
It Pz, < 22 (O ") sl

where the large deviation rate depends on the parameters n,p defining the concentrating contition as

) D 1—p
On,p = €Xp [—plog () —(1—p)log <1>1 ,
Pi.op — DPpsp (9.10)

Ppog =P [\‘71\ > 77} 7

with Vi a centered Gaussian distribution of variance (68)~1

Proof. First classical part. We adapt here the classical method, adapted to the Fé framework, in
the idea of using this bound for small values of n. Like we just computed in the previous section, we
write once again

2
ICN-1OnFNllLy < D / dwdvy v — vn| [ONFN] (21, i + ew, vy )ePlin-ill
=1

+> /dwdme — on| [ONFN] (251, 31 + cw, vy )ePllen—l?,
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Once again ignoring the second term, which is still being computed in a similar way thanks to the
classical change of variable pre- to post-collisional, we write by the same usual Cauchy—Schwarz
argument as in (4.25) that

N—
HCN_l@NFNH]Lé < Z /dwdyN (sup [@NFN] (.’UN)€5/UN2> ’Ui’e*(ﬁlfﬂ)”EN”z
i=1 TdN
N—-1 / , / ,
+> / dwdoy (Sup [ONFN] (-, uy)e? Ioxl ) o e o]
i—1 TdN

< [ dwd OvE B lluy 2 2 o~ (B—B)lluyl?
_/wN(jsrgjg[NN]wN) VN =Ty llen P e

N
ez

We get as in the proof of Proposition 9.4.1

vVn—+m — n-+m —
||Cn+m—1@n+an+mHJ-‘éSW@CA HFn—&-mH}‘l + \/7 ‘Sd‘ HFn—&-mH}'l

and iterate with the same increment 3 — 8 = §3/(2m) to get

|Sd| HFNH]—"l :

C(n+m)\"
Hen,m@m)Fn-i-m”}'éo_aB = ( Tﬁ > HFn—Q—mH}%O’ (9'11)

concluding the first part of the proposition.

Large deviation argument. We enter now the key argument of this heuristic. Integrating over
the condition v,, ¢ A,g") due to the operator Cfl 1> We will get smallness thanks to a large deviation
argument, in the idea of using the associated bound for large values of n.

Recall the expression

) () = Onlt — 11)Cn .. Crsio1 Okt — ti1)Co g Ot (st — ter2)Chygpr - it

of the pathological term. The first step is to bound the non-concentrated collision operators

# f
Cn+l~c+1 o 'Cnerfl'

Here, we do not expect smallness from an initial value, but from the concentrated condition in CZ Tk
so that for these collision operators we can as well harness the a priori .7-"50 bounds, instead of an
]-'é one. In fact, we will need an ]-"go bound to compute the large deviation principle, as it is the
L*>°-proximity of densities that yields proximity of the associated probabilities. Bounding crudely
the indicator of non-concentration, we get as in the proof of Proposition 4.5.1 that

n-—+m
< (0,

Note that we could have chosen to bound these operators as we did in Proposition 9.4.1, since they
are non-concentrated.

m—k—1
1€usiriChipsr - Chym1Frimllrs , < ) MRl 912)

077

The second step is precisely the large deviation argument. This latter requires ]-"go—bounds, but
only provides a control in .7-"51.
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We write for any positive functional F, 41 € Fyr, for A < X

b
1k Fatka i
n+k

Ay 2
< Z /deQnJrkJrl’vi - Un+k+1‘Fn+k+1(§n+kaxi +ew, vntky1)e [CANY| ]lv +k¢A§77L+k)
i=1 -
n+k

* * A 2
+ E /deﬂn+k+1|Uz‘ — Unthet 1| Fr k1 (2 ks Ti + €W, U g )e il I i
. =n—+ n
=1

Ignoring once again (for the last time) the second collisional term, treated similarly with the same
bounds, we compute the usual Cauchy—Schwarz inequality as in (4.25) with half of the exponential
weight, and keep half of it for the later large deviation argument, writing

b
1 sl
n+k

—(N=X)]|v 2 _Nlvy, 2
<y /deﬂn+k+1|Ui — Untktt] - ([ Frgrgr [ Fose Nl il =N Ton i L, gag®
i=1

Y 2 n+k PSS 2
< ||Fn+k+1Hf§? /dvn+k+1e fonial /ZWF’“) dv, 4y [C SARDY + 4+ E) kgl e 2 ek
n

~ n+k PAEON 2
< [ Fatkllre O v Ttk /Z<n+k> vy e 2 Mkl
n

integrating over vy, k41, which makes appear a constant Cy depending continuously on the dimension
and on )\. Now that we have dominated the integral above using an L.°°~bound on Fytk+1, to use our
large deviation argument we will express it as a probability: the integrand is proportional to the joint
density of independant and identical centered Gaussian distributions (‘z)lgign_l,_k with variance ()\’ —
A)~L. Then, considering the non-concentration condition (9.7), let us observe that belonging or not
to the set AZ““ of non-pathological velocities, depends on how many of the velocities’ norms excess 7.

Hence, denoting E,,+x a binomial random variable of parameters (n + k,P [|V1| > 17] ), we have

! __ , .
\/?/Aw Appe” T el =Pl i <nt b, Vi 20} <pitB)]  (913)
n

=P[E,+x <p(n+k). (9.14)

This crucial step requires on its own an increment that does not depend on m, as it tunes the variance
of our random variables: we opt for
op

3
Henceforth, by the explicit large deviation principle for the binomial distribution (see for example the
book by Tomas Dominguez and Jean-Christophe Mourrat [28, Exercise 2.22]), the probability that
the velocities concentrate close to zero vanishes exponentially with n 4+ k. More precisely, denoting

PUSIY (9.15)

Ppog =P [!‘71’ > 77} ;

. p l—p
Onp = exp |—plog <> —(1—p)log <>1 )
P [ Dn.p L —Pnep
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we have for any NV € N large enough that
P[Ey < pN] <65, (9.16)

With the initial given inverse temperature fy, taking any velocity threshold 7 allows to choose a
proportion p < P, s such that 4, , <1, and vice versa. Eventually, it all boils down to the following

bound

n+k
||Cz+an+k+1||fé < CﬁownFnMHHFg‘; 53,;]“‘ (9.17)

The last step is to bound in ]—"é—norms the remaining collision operators
On(t—t1)Cn ... Crgk—1,

like in the first part of the proposition proved above (9.11), yielding eventually with the large deviation
bound (9.12) the second and last estimate of this proposition. (]

9.4.4 Time integration

Before computing the time integration, we prove the refined Stirling bound in the following lemma.

Lemma 9.4.2 (Stirling refinement). For any ¢ > 1, there exists a absolute constant C > 1 such that
foranyn,m>1,

oM™ _ men, (9.18)

m)!

Proof. Using Robbins—Stirling bounds, one has

(n+m) < om (n—i—m)
m)! - m
< e™exp {m log (1 + n)] (9.19)
m
< e™exp {m <C’ + cnﬂ (9.20)
m

< em(1+C) e
using comparative growths of the affine function [z +— cx] and of the logarithm between ligns (9.19)
and (9.20), which concludes the proof. O

From an analysis of the rate function (9.10) defining d, ,, one can tune this rating parameter to
be arbitrarily small, up to degrading the parameters 7, p appearing in the other constants of this
method. In this section, let us hence fix these parameters such that ¢, , < 1.

Proposition 9.4.3 (Estimates on the successive-collision operators). Let us consider any initial
inverse temperature [y, and inverse temperature increment 03 < Bo/2. Then, the bound on the non-
concentrated part of the successive-collision operator is completely freed from its dependency in n,
namely

tcﬂo
6B - pn?

On the other hand, we still have at hand two different ways of bounding its concentrated part, which
depends on n but at any prescribed exponential rate, up to increasing the exponential rate in m. More

m
Qb Fimlzy < (55225) 1 Fuemlzy



146 CHAPTER 9. LONG TIME HINDRANCES AND SOLUTIONS

precisely, for any ¢ > 1, there exists a constant Cg > 1 depending on c and [y, such that one can
dominate by the f/éo -norm as

Cgot

JoB

or by the Fg -norm, through a large deviation argument, as

m
b
QO Fmllzy, < (T22) il

b (conp)" éﬁot "
HQn,m(t)Fn+m||]-'é0_55S m (m ”Fner”]-'ﬁO'

Proof. Recalling the definition of the time ensemble (4.6) on which we integrate, and harnessing
Proposition 9.4.1, we have

g Cagym \™
Qb Fuimllry < [ty Bt
0 m(t) Bo

L o3 - p?
tm Cdﬂ m\™
< [ %P0 F
~ ml! ((56 -pn2> | n+m|‘féo

tC’
d:ﬁo
< F
> <56 2) H n—l—mHFéoa

using at the last line the fact that m™ < e™m/!, proving the first estimate of the proposition.

Now, it is time to apply the optimized Stirling estimate stated in Lemma 9.4.2, with the idea
of having a controlled bad constant ¢”. We compute as before, applying Proposition 9.4.2 to the
succession of collision operators appearing in the concentrated part of the decomposition (9.8),

b < o (Cn+m)\™
1@ Fmlzy < (S ) [ Fnemllz,

ct\"
<A —
~C ( Tﬁ) HFner”}'éO,

applying the said lemma at the last line. Similarly, we observe that given that d, , < 1, the worst
term among the values of k for the large deviation decay is the one of order n, so that as before,
using the second part of Proposition 9.4.2, we get

1@ OFrmlzy < 2 (O ") [Pl

(C(Sn,p)n éﬁot "
< —= m HFn-&-megg'

This concludes the proof of Proposition 9.4.3. O

At fixed € > 0, one can choose to use either one of the two last bounds of Proposition 9.4.3 on the
concentrated term, according to the value of n: if it is large enough one can use the large deviation
principle to justify that the pathological concentration of velocities is rare, and otherwise the fact
that n is not that large allows a good control of the term in ¢”.

In practice, let us set two different thresholds for this disjunction, then verify that they are
compatible. On the one hand, if for v € (0,1) we assume

< _fyloga
- logc

)
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then we have ¢" < &7, and consequently
=~ m
b _ Ct
‘|Qn,m(t)Fn+mH.7-'507w <& (\/ﬁ) HFn+me/§07
expecting the initial closeness in ]-"éo to compensate the term in ¢~7. On the other hand, if
loge
n - 7 7/ ¢ 1\
log(cdy,p)

then we get (cdy, )" < €, so that

s = /o8 \ V3B

Now, for both conditions to cover all possible values of n, we need that

~ m
b g Cp.t
Q) Fuimllzy < <5> [Pl

loge aloge
log(céyp) =  loge
which is true up to choosing ¢ small enough, hence increasing the constant rating the exponential

growth in m, yet this constant only rescales linearly the long time interval on which we compute
our study.

. de. ctag,, <1, (9.21)

9.4.5 Deriving long time results, a different pruning

We finally explain in this section how a pruning method constructed on the decomposition of the
successive-collision operators into concentrated and non-concentrated parts can lead to long time
results on the convergence of the marginals F, freed from the pathological constant n“* appearing
in Theorem 1. In fact, our study initially works for high marginals, yet we show in the end how to
retrieve information on the low ones.

Indeed, we have now the whole toolbox to perform our long time derivation in Féo. We perform
a tree pruning like we did in (4.28), yielding at the first step

Fi(t) = 3 @ (h) PR (t = 1) + > Q0 (m)FR, (¢ = h) + 7 Qnjy () FR, (£ — )
1< <2 i1>2

yet here we are going to stop the pathological concentrated term as well, putting it aside in another
remainder, eventually writing

Fiy= Y Qb (h)...Q%, . (hi)F5, (0) + REE@) + RIK (1),
(5i<2)1¢icie

with the following new remainders, using the same notation for the time steps (4.26),

K
RZ[K] (t) = Z Z Q?%jl (hl) e ngk—%jkfl (hk_l)ngk—lvjk (hk)Fi[k (ti), (9‘22)
k=1 (5;<2%), ¢y

and

K
REOM =30 > Q) Qe (1) 30 Qny i (i) FR, (1)-
k=1 (ji<2i)i<k Jr>2k
The optimized study of the latter pruned-out term would require further adjustments to get an

optimal bound, that we do not compute here. Nevertheless, we detail here the very good estimates
that we obtain on the main term (Proposition 9.4.4) and on the pathological concentrated remainder
(Proposition 9.4.5). The latter is more powerful for marginals of high order, so that in the end we
justify how to retrieve information on the lower ones, keeping reasonable bounds.
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Proposition 9.4.4 (Estimate on the main part). With our initial prozimity assumption (9.5), and
the a priori bounds (9.6), the main term of the expansion above is bounded for € small enough by

Z Q?z,jl (h1)... Q%vK_l,jK (hix)Fy,(0) < C’”CA 4<d+1>

(J’igzi)1<¢<K 1
F80/2

for any A > 2, as soon as K is large enough. The factor C™, which led to the bad factor n™ in
Theorem 1, thus disappeared.

Proof. Harnessing the initial proximity hypothesis (9.5) for Fy, (0), we write
HQn ]1( ) s QgVKfl,jK (hK)F]EVK (O)H]:éo/2 < C(’SLKjl—i_m—i_jK (CCOhl)jl cee (CCOhK)jK‘Sa

using the bounds of the first part of Proposition 9.4.3, with uniform increments

55 = 50

We observe that j; + - - 4+ jx < 25!, Note that like in the proof of Proposition 4.7.1, we can
asymptotically bound the appearing factor

K+1 K
K? <et ,

for any A > 2. This bound is thus similar to the one in the said proof, but without the factor C™¥,
which was previously leading to the bad factor n“* in the convergence rate of Theorem 1. Apart from
this, the new bound behaves as well as previously, yielding similar estimates as in the conclusion of

Section 4.8, the power of £ stemming from the bound (4.49), performing the same truncations to
guarantee the proximity of pseudo-trajectories. O

Proposition 9.4.5 (Estimates of the pathological concentrated terms). For any inverse tempera-
ture By, the remainder due to the exclusion of the concentrated terms might be estimated by

mn K n
IIRE;[K](L‘)IIJE;O/2 < O (cbyp)",

for any A > 2, as soon as K is large enough.

Proof. Each term of the sum defining the remainder (9.22) is of the form

Qn J1 <h1) ngk—%jkfl <hk*1)Q?Vk71»]'k (hk)FEk (ti),

stopped at an intermediate time at which we will apply the a priori bounds (9.6) in ]:Es . The key
computation is to distribute correctly the temperature increment 65. Making it uniform on all the
successive-collision operators above would alter the parameter d,,, that intrisically depends on 63
through its definition (9.10), disrupting the estimate. The solution is to split it in two, taking a fixed
increment

-
for the concentrated step, then splitting the remaining increment uniformly into steps of size
55 = Bo

@7
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for the non-concentrated collision operators, eventually leading to the following bound, harnessing
the results of Proposition 9.4.3,

1@ () - Qb Uk ) @y () P, (D5,

< KX (Ch) L (Chgy ) (Chy Y (e, ) Mot O
< K27 (Ol ) ... (CCoy ) (c8y,)"C-

We bound as in the beginning of this section the first factor, and conclude similarly as for the
estimates of Chapter 4, completing the proof. O

To conclude, observe now that this method works for large values of n, since it relies on the
smallness of (¢, p)". Nevertheless, the lower marginals can be retrieved from the high orders, since
the latter contain more information, though it means that the quantitative bound is still weighted
by a factor Cjy, with n large.

We will place ourself in the simpler framework of a convergence rate in e, that absorbs the
term e in the good scaling. In reality, should anyone write this heuristics exhaustively, one would
need to replace it with something more close to the convergence rate given in Proposition 4.6.1 for
the pruned-out remainder, yet the idea rem ains the same.

Indeed, let us consider the canonical framework, so that the following formula is true for any
integers 0 < k < n

Filz) = [ dz Pz 20,
so that the optimal convergence rate would be

|1 Fe — F{™ || < ||Fp — Fi™|lpa
< Cye”,

with the following condition imposed by our large deviation heuristics
(copp)" <&
Thus, we need to exploit a value of n that satisfies simultaneously the condition above and such that
Co" <e7,

for some 0 < v < a < 1, eventually leading to a convergence rate in ¢*~7. For some n to exist in
this range, it requires
alog Co < 7|log(cdyp)|

which is satisfied up to considering (cd,, ;) small enough, which can be done playing with the param-
eters 1, p in the definition (9.10), and also in part by making the constant ¢ closer to 1, thus making
the constant C from the Stirling Lemma 9.4.2 bigger, and downgrading the dependency in 77 and p
of the bounds on the non-concentrated term, yet that only rescale linearly the large time horizon.
That concludes this heuristical section, dedicated to harness a large deviation argument to get rid
of the bad dependency in n of the bounds of Theorem 1, at least for the main term of the expansion,
by displacing the loss of control on the number of collisions to a loss of control on the temperature.






Chapter 10

Perspectives

We present in this small last chapter some perspectives to generalize the results studied in the present
thesis, or their adaptation to different models, exposing some prospective ideas that may pave the
way to the continuation of this work.

10.1 Long-time bounds on the cumulants

The main perspective, after this thesis, is to derive the asymptotic fluctuation and large deviation
results in large times using the closeness to equilibrium of the system, and the linearity of the limit
equations. We present here some prospective ideas implying pruning methods, fine combinatorial
analysis of the trajectories, or coarser cumulants.

10.1.1 Pruning methods

A first idea stems from the observation that in the bound of the cumulants shown in Proposition 6.5.1,
the leading term corresponds to the decomposition of the initial cluster cumulants along the trivial
partition p = [1,n]. This initial trivial cuamulant is none other than the correlation function Fy, for
which we have a priori bounds, proved in Section 4.4.

This leading term is hence fit for a pruning process as the one computed in Chapter 4 to derive
in long time the limit of the correlation functions.

This method would hence require to deal, on large times, with the negligible terms corresponding
with the decompositions in other non-trivial partitions, putting them aside and proving that their
influence remains negligible. The three main difficulties are the following one.

First, it demands a precise control of the stacking factors appearing in large times, as discussed in
Section 9.2 on the pruning methods, yet it should be made easier thanks to the explicit and detailed
calculus of Sections 6.4 and 6.5 on the cumulants and their bounds.

Secondly, we study in this thesis the evolution of the cumulants f;, which correspond to the
cluster cumulants f;* associated to the partition p = {{1},...,{n}}. We should extend this study
to the equations describing the evolution of all the generalized cluster cumulants, but they should
formally behave similarly.

Finally, the main obstacle is the fact that the initial cumulants are shown in (6.23) to be decreasing
with the size of the cumulants as ¢%(1P1=1). Nevertheless, in the case of the fully decomposed cumulants
that we study (with [p| = n as discussed in the paragraph above), their size at time ¢ is proved
in Proposition 6.5.1 to be bounded by =01 " Even their difference to the limit cumulants
(Proposition 6.6.3) is always tuned by an additional factor ¢, and not by a factor decreasing with n
as €. The optimality of this bound is in particular discussed in Section 10.2.1. In any case, this
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downgrading bound makes harder to use this pruning method and to justify that the non-trivial
decompositions remain negligible in large times.

10.1.2 Deng—Hani—-Ma method

The work of Deng, Hani and Ma [24] introduced very fine new methods to deal with the geometric
dynamics of the dilute gases, and specifically with pathological trajectories, leading to a long-time
derivation of the Boltzmann equation, assuming uniform bounds on its regular solutions.

More precisely, combining the usual geometric study of the billiards dynamics with combinatorial
results like the Burago lemma [18], and computing in a very subtle way a combinatorial algorithm of
integration of the variables driving the dynamics, they succeed in discarding pathological trajectories,
which are correlated between several time layers. That eventually allows them to compare the solution
of the Boltzmann equation with a well-chosen ansatz close to the original dynamics [14].

Although their study remains based on uniform bounds for the limit Boltzmann equation, which
are still an open problem, using their method in a linear framework would be perfectly adapted,
since these uniform bounds are true in the linear case. Indeed, adapting their fine analysis of the
dynamics to the study of the cumulants and correlation functions of the Rayleigh gas, it should lead
to extending on large times the statistical description presented in this thesis. This would allow
to catch more precisely the nature of the correlations of the system. Their method still remains
particularly technical and computational.

10.1.3 Coarser cumulants

Finally, the coarser cumulants described in Section 6.2.2 have all the good properties for their limit
to be described in large times, with a priori bounds directly stemming from the ones on F).. It could
be interesting to try to link them to some statistical quantities, possibly of a simplified ideal Rayleigh
gas model. Indeed, as they allow to describe a single tagged particle in a gas, one could imagine
a model of non-interacting copies of this particle in a gas, getting rid of the correlations that are
difficult to deal with. This way, one could expect the large deviations of the empirical measure of
such independent copies to be driven by those linearized coarser cumulants, whose study could be
performed on long times.

Possibly, because of the rigid structure of these coarser cumulants as tensorized against the
equilibrium, one could also imagine to relax it by considering coarser cumulants against a more
general ansatz, for example

Fi(t,z,) = Fi(t, 2,,0,)

the correlation functions of the non-tagged particles, which are close to equilibrium. This would lead

to the cumulants
lo|

To= 3 ()7 ol =g T (10-1)
Ay

with the inverting formula

=> Ia H for (10.2)

oc€Py
leor
the functions f; being the cumulants of the (E7%).
This model could be the key to refine statistically the ideal Rayleigh gas, or other simplified
versions of our study, possibly then deducing some information on the nonideal Rayleigh gas.
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10.2 Complementary prospective results

10.2.1 Small data

In the details of the proof of Proposition 6.5.1 on the bound on the cumulants, the dependency in
the initial data Cj is explicit. In similar studies, it is well-known that the small Lanford time of
derivation depends on this initial bound. For initial data arbitrarily small, close to vaccum, this time
can be arbitrarily large. This phenomenon has first been exhibited by Reinhard Illner and Mario
Pulvirenti in [53, 42], after they found an alternative method in dimension 2 to prove arbitrarily
large time derivation for a fized initial data small enough, harnessing the dispersion of particles in
the case of particles evolving in the full space R? [41].

Knowing that the limit function, solution to a linear equation, is well-posed for large times, one
could want to apply this result to the difference between the correlation function and its limit, which
is indeed small enough initially (at least of order e, thanks to Proposition 4.3.1), to derive long
time results in the general case. Nevertheless, the method used by Illner and Pulvirenti requires a
degrowth of the initial data in Fy (0) in 2y, with zp small enough.

Actually, the optimality of our bound in ¢ is a consequence of the study of the canonical partition
function that we performed in Section 5.5. It is easier to see in the canonical setting, where the initial
bound comes from the estimate [9, Appendix A]

£,C
1< Ze# < (1—Cye)7P.
n—+p

The computation of Section 5.5 yields the lower bound

g,c n+p—1
Zn

ZEC > H (1- édi&?d)
n+p i=n

~ p
(-4

for example for n big enough compared to ¢, using the low density limit (n + 1))<€le1 = 1. Hence, this
asymptotic bound on which depends the initial proximity is optimal.

Nevertheless, the initial cumulants have such initial bounds, which one could want to harness to
derive long time results. This will not work directly because of the more complex structure of the
equation on the cumulants (6.5), yet using alternative forms of the cumulants, such as the coarser
ones presented in Section 10.1.3, could lead to interesting results.

Eventually, adding dispersion methods like the one by Illner and Pulivirenti could also help the
long-time derivations of the cumulants in the whole space R?.

10.2.2 Rescaled limit cumulants

In our study, the cumulants of the tagged particles are rescaled in the cumulant generating function
such that they make appear the moments of the empirical measure of the tagged particles. Do-
ing so, since their size depends on the particles’ diameter and dynamics, which are tuned by the
Boltzmann-Grad scaling, all the cumulants above the first one vanish in their generating function
(see Section 6.6.4).

Nevertheless, to better understand the dynamics of the tagged particles, one could get interested
in a differently rescaled generating function, that would not correspond to the statistical description
of the empirical measure, but would capture all the fine limit information about the cumulants. We
already computed the limits of the cumulants rescaled as such, and their generating function should
be driven by a linearized version of the Hamilton—Jacobi system similar to the one presented in [55].
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Understanding precisely the limit behaviour of this functional and its derivatives (which make
appear the cumulants), one could expect to comprehend better the loss of information in the cor-
relation functions that lead to a limit irreversible system, through the vanishing of the cumulants.
This would be part of the more general problem of reversibility and of understanding the generation
of chaos, which still has a lot of opportunities to explore.

10.2.3 Conclusion

In this thesis, we introduced a new mixture model for the nonideal Rayleigh gas, based on tags on the
particles. Through an analysis of its combinatorial properties, we explored its asymptotic behaviour,
described in a mixed Rayleigh—Boltzmann mesoscopic scaling: this has been the occasion to question
the long time behaviour of such systems, for which we improved and precised the convergence rates
of correlation functions.

To refine this description, thanks to the mixture structure, we introduced the empirical measure
of tagged particles, and derived the limit of its fluctuations and large deviations, yet only on short
times because of the complexity appearing in the study of the cumulants. Despite this limitation,
our study allowed to explore the over-diluted regime and to emphasize there the absence of phase
transition in the small statistical scales.

The main perspective for later studies continuating this work would be to derive the results on
the cumulants on large times, to extend the latter statistical refinements. To that end we proposed
some potential solutions, trying to better apprehend the hindrances on the way.

Finally, this study was also the opportunity to explore the behaviour of various linear versions of
the Boltzmann equation, along with their functional frameworks. Eventually, we have been able to
precise the geometrical study of the particles’ dynamics to improve the quantitative control of the
pathological cycling trajectories, finally obtaining a full convergence rate for the cumulants in short
times.

Thank you for reading! Merci pour votre lecture !
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Solution to Rayleigh—Boltzmann equation, initial perturbation
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Tagged particle ratio

Tags’ vector, its cardinality

Initial perturbation of tagged particles

Correlation functions
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Smooth observables

Collision operators

Empirical measure (non-tagged one, tagged one)
Successive-collision operators, limit versions

Set of ordered times

Set of admissible ordered added particles

History vector of a pseudo-trajectory

Pseudo-trajectory at time ¢, limit version

Limit correlation function

Sub-Gaussian norm and space

Initial density bound

Tree pruning parameter

Time cutting intervals and steps

Pruned-out term

Pruned limit correlation function

Truncation parameters, in velocities and time separation
Set of trajectories on M (D)

Fluctuation field of the tagged empirical measure
Filtered mean of the observable h against measure m
Hamiltonian governing the limit cumulants

Limit cumulant generating function, its Legendre transform

Cumulant generating function
Decomposition of G, along the partition o € P,

Cumulants of the correlation functions, limit version
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bn Cumulants of the exclusion condition 1 xe (5.1)
U, = (k, Xp by Whs V) Pseudo-trajectory parametrizing vector 6.3.1
dvp (W) Pseudo-trajectory measure (6.6)
dl/[[(ig] (¥,) Pseudo-trajectory H-weighted measure (6.12)
Er[H|(t,zp, L) H-weighted correlation function (6.8)
e H|(t, 2, L) Cumulants of the H-weighted correlation functions (6.14)
P(A) Particles stemming from A 6.3.2
Taxar Indicator of non-interaction 6.3.2
agg(A) Indicator of aggregation 6.3.2
N, I'p Set of clusters, set of particles 6.3.3
DS k+1 Cumulants of the cluster exclusion 6.3.3
Ca Connected graphs on A 6.3.3
Ty =T C(ggg’j]), Ti Wy Recollision tree, recollision times and angles 6.4

S (pege)r [4] Indicator of clustering compatibility 6.4
TA Barycenter of the positions x 4 6.4
Ty = TOV(;ES;?), o wdY Overlap tree, overlap times and angles 6.4

Clr () Connected graphs containing the tree T 6.4
or = qb[gee] + ¢5§yde] Decomposition of the cumulants in tree and cycle part 6.4
Th, 77wy Clustering tree, clustering times and angles 6.4
ce(T) Set of decorated connected components 6.4
TI% Dynamics tree 6.4
Fe[H) el (1), re[H] () Decomposition of the cumulant in tree and cycle part (6.20)
I H| (¢, 2,) p-contribution to the tree cumulant integral (6.20)
Br g Functional space of the large deviation observables 6.32
Br,s F1,/4-ball of radius R 6.6.5
J(t,0,7) Limit cumulant generating function in different variables 6.6.5
J(t,0,7) Hamiltonian solution 6.6.5
Tl s Norm on the functionals above, used to identify them 6.6.5
Sa Random set of tagged particles 7.2

F é, F EO Weighted functional spaces 9.4.1
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RESUME

Cette thése s'inscrit dans la mécanique statistique des gaz, qui s'intéresse a décrire des fluides trés peu denses
dans leur comportement moyen, a partir de leur modélisation microscopique. Dans le cas précis que nous étudions,
nous supposons qu'un gaz observé de tres pres se comporte comme un ensemble de boules de billard idéales
s'entrechoquant dans le vide : c’est le modele des sphéres dures.

Lorsque I'on regarde ces molécules de plus loin, en observant leur densité, il est possible de décrire son évolution
grace a une équation due a Ludwig Boltzmann en 1872.

Depuis les années 1970 et les travaux d'Oscar Lanford, les mathématiciens étudient en détails le lien entre ces
échelles microscopique et mésoscopique, appelé limite cinétique. La présente thése décrit un cas particulier de
modele de gaz, proche de son état d’équilibre, appelé gaz de Rayleigh non-idéal, et s'intéresse aux équations de
type Boltzmann qui apparaissent dans cette limite pour décrire son comportement statistique.

MOTS CLES

Théorie cinétique, Mécanique statistique des gaz, Limites d’échelle, Equations aux dérivées partielles, Théoréeme de Lanford

ABSTRACT

This thesis is part of statistical mechanics of gases, which describes low-density fluids in their average behaviour,
from their microscopic modelization. In the precise case that we study, we suppose that a gas, when observed very
closely, behaves like ideal billiard balls colliding in the void: this is what defines the hard sphere model.

When looking at these molecules from further away, and observing their density, one can describe its evolution
thanks to an equation due to Ludwig Boltzmann in 1872.

Since the 1970s and Oscar Lanford’s work, mathematicians have studied in detail the link between these microscopic
and mesoscopic scales, called the kinetic limit. The present thesis describes a specific case of gas model, close to
its equilibrium state, called nonideal Rayleigh gas; we are interested in the Boltzmann-like equations that appear in
this limit to describe its statistical behaviour.
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Kinetic theory, Statistical mechanics of gases, Scaling limits, Partial differential equations, Lanford theorem
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